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ROCK FRACTURE UNDER STATIC STRESS CONDITIONS 
ABSTRACT 
A knowledge of the strength of a material is an essential 
prerequisite to the successful design of a structure in that 
material. Consequently, in designing deep level mining 
excavations and large civil engineering structures, an under-
standing of the mechanics of rock fracture, particularly under 
compressive stress conditions, is of fundamental importance. 
This thesis contains details of an investigation into 
the applicability of Griffith's brittle fracture theory, 
modified to account for the effects of crack closure in 
compression, to the prediction of rock fracture behaviour. 
It is shown that this theory provides a reliable basis for 
the analysis of hard rock fracture under static stress con-
ditions. 
The application of the Griffith's the~ry to the 
prediction of rock fracture initiation and propagation in 
a complex stre~s field is illustrated by means of a detailed 
analysis of the behaviour of the rock around a circular hole 
in a biaxial stTess field~ 
While this study is primarily concerned with rock 
fracture problems associated with deep level mining, it is 
believed that the general principles are ~qually useful in 
the analy~is of rock and concrete fracture problems 
encountered in civil engineering. 
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ROCK FRACTURE UNDER STATIC STRESS CONDITIONS 
1. INTRODUCTION 
The successful mining of an ore body or coal seam depends largely 
upon the extent to which fracture and movement of the rock around 
the excavations can be controlled. 
Controlled rock fracture, achieved by careful planning of the 
geometrical layout of the excavations and the correct choice of 
support and other operational factors, results in safe and 
efficient operation of the mine. Uncontrolled rock fracture, 
manifesting itself in such phenomena as rockbursts·, disrupts 
mining operations and constitutes a serious hazard to men and 
machines in the mine. 
Current mining methods and strata control techniques, evolved 
almost entirely from practical experience, have proved remarkably 
effective and will continue to form the basis of mining practice. 
However, improved operational efficiency requires that these 
techniques be supplemented with a more fundamental understanding 
of the mechanism of deformation and fracture of the rock around 
mining excavationse This is particularly true in areas where 
the richest and most accessible ore bodies have been mined out 
and future mining operations are faced with mining lower grade 
ore at greater working depths. 
In civil engineeringt a knowledge of rock deformation and 
failure is particularly important in the ~~~ign of foundations 
for large dam structures. Improved desig~ ~echniqu~s have 
resulted in a steady increase in the size ~nd complexity of these 
structures but continued progress depends upon the ~revision of 
adequate foundations which, in turn, depends upon the successful 
application of rock mechanics. 
The results of laboratory tests indicate that many ro:k types ) 7 
exhibit elastic stress-strain relationships up to fracture • 
* 
Elasticity implies a reversible stress-strain curve which may, 
or may not, be linear. In the case of most hard rocks the 
stress-strain curve is, in fact, usually linear up to fracture.· 
2. 
Since a material which behaves elastically up to fracture is 
defined as brittle, it is evident that a study of the basic 
mechanism of brittle fracture is a useful starting point for any 
investigation into the phenomena associated with the fracture of 
rock. 
The present study -is an attempt to collect the relevant 
information from available literature on brittle fracture, to 
extend it where necessary and to present it in a form which is 
directly applicable to the solution of practical rock mechanics 
problems. It is concerned with the problem of fracture initia-
tion under static load conditions only; the problems of fracture 
propagation and fracture initiation under dynamic stress condi-
tions are beyond its scope. 




Theoretical considerations of brittle fracture 
initiation under static load conditions. 
The fracture of brittle rock and the in-
fluence of additional factors, such as an-
isotropy, specimen selection and preparation 
and environmental conditions during testing, 
upon the fracture of rock. 
The practical application of rock fracture 
criteria to the analysis of observed fracture 
phenomena. 
The development and even the experimental verification of a 
brittle fracture criterion for rock is of little value unless it 
can be demonstrated that this criterion can be effectively applied 
to the solution of practical engineering problems. Consequently, 
one of the most important parts of this study is that which deals 
with attempts to apply the fracture criterion, dealt with in 
Part I, to the analysis of observed rock fracture phenomena. 
The study forms part of an extensive research projeet which 
is being carried out in the Rock Mechanics Division of the 
National Mechanical Engineering Research Institute on behalf of 
the Transva~l and Orange Free State Chamber of Mines. 
PART I 
3. 
THEORETICAL CONSIDERATIONS OF BRITTLE FRACTURE 
INITIA~ION UNDER STATIC LOAD CONDITIONS 
In 1920, A.A. Griffith of the Royal Aircraft Establishment at 
Farnborough presented a brittle fracture hypothesis in a paper to 
* the Royal Society 15 0 • In this paper he postulated that fracture 
of a brittle material, subjected to pure tensile stress, initiates 
at microscopic cracks and discontinuities within the material. 
In a second paper~ presented in 192415 1 , Griffith extended this 
concept of fracture initiation to the case of multiaxial compression. 
In both papers he deriYed equations which could be used to predict 
the fracture stress. 
In mechanical engineering, interest in brittle fracture has 
been mainly confined to steel. In this field, important contribu-
tions have been made by Irwin208, Orowan288, Wells3 68 and many 
others. These authors have dealt with such problems as fracture 
initiation from dislocations and plastic slip planes, velocity of 
crack growth and energy changes associated with brittle fracture. 
In mining engineering and particularly in rock mechanics, the 
fracture of rock subjected to various states of multiaxial stress 
is of vital interest. The hypothesis postulated in Griffith's 
second paper 15 1 has only been applied to this problem within the 
past few years. The most important contributions to this work 
have been made by Murrell2 7 D, Brace52 and McClintock and Walsh 249 • 
The work of the last named authors is p~rticularly important since 
it extends Griffith's theory which deals with open cracks only to 
cracks which have closed in compression. 
A review, by Barenblatt23, of Russian literature on brittle 
fracture has recently become available. It is interesting to note 
that a considerable amount of attention has been paid to the frac-
ture of rock, particularly oil-bearing strata subjected to pressure 
from a permeating liquid24, 25: 26, 380, 381. 
The Russian work is based upon the Griffith hypothesis of 
* Superscripts refer to items listed in the bibliography at the 
end of this study. 
4. 
fracture initiation from existing cracks but the theoretical approach 
used in deriving the equations for the fracture stress is somewhat 
different from that used by British and American authors. Since 
the final equations which are of interest in this study are identi-
cal in the two approaches, no useful purpose would be served by 
including details of the Russian work. 
THE THEORETICAL STRENGTH OF AN ELASTIC MATERIAL 
According to Orowan286, an estimate of the molecular cohesion of a 
solid can be obtained from its surface energy which, in turn. can 
be used to calculate the order of magnitude of the fracture stress 




where o 1s the magnitu~e of the uniaxial tensile stress 
0 
required to overcome the molecular cohesion of 
the material ::: '}-!0_....)~  ;;;Lr~ u~ . 
y is the speci.fic sur·face energy of the material 
E is. the Young 1 s modulus and 
a is the spacing.between naighbouring atomic planes. 
= cLJ~ ~J-...~.-... _ ~"" :.· ri! .._._.., .J f. __ ) ... , \;IMk .. -irJ. . .; L. ,.~... 
F b . 1 . . \ . J 1" or r1tt e ma.ter1als such as hard rock the value of E 1es 
I between 10 x 10 6 and 15 x 106 lb/sq. in, a is of the order of 
1.2 x 10-? in and the order of magnitude of the specific surface 
energy: is 6 x 10- 4 lb in/sq. in. Hence the theoretical strength 
of these materials is approximately 3.5 x 106 lb/sq. in. 
Under certain conditions, tensile strengths of glass fibres 
approaching this order of magnitude have been measuredlSO but, in 
general, materials fail at a stress level several orders of magni-
tude lower than that predicted from equation (1). Griffith's 
theory of brittle fracture initiation is generally regarded as an 
acceptable explanation for the discrepancy between the observed 
and theoretical strengths of brittle materials. 
3. GRIFFITH THEORY OF BRITTLE FRACTURE INITIATION 
Griffithl50 assumed that the discrepancy between the theoretically 
estimated and the observed value of the tensile strength of brittle 
materials is due to the presence of small cracks, flaws and other 
discontinuities around which high stress concentrations occur· when 
the material is stressed. 
By assuming that a crack ~n a two-dimensional (plane) body can 
be approximated by an ellipse of large eccentricity, Griffith was 
able to calculate, from the analytical solution of the stress 
distribution around elliptical openings in a plane body under 
stress207, that the maximum stress at the end of a crack orientated 
at right angles to the direction of applied tension is given by 
• • • • • • • • • • • • • • • • • • ( 2 ) 
where a is the applied tensile stress a 
2c is the length of the crack and 
r is the radius of the end of the crack. 
Since, in 1920, Griffith had no experimental techniques at his 
disposal for the determination of the actual values of the crack 
dimensions c and r, he based his calculations upon assumptions con-
cerning the energy required to propagate the crack. It will be 
shown later that the final results obtained by Griffith can be 
arrived at without making these assumptions but, since the original 
calculations are instructive, the concepts upon which they were 
based are included here. 
3.1 Energy changes associated with crack propagation 
If a crack of length 2c ~n a body subjected to static external 
tension is to propagate by a small increment de, the energy present 
in the system is redistributed. The changes involved are as 
follows: 
(1) A loss in potential energy of the externally 
applied forces due to displacements induced 
6. 
by the crack propagation. If the total potential 
energy of the external forces is denoted by W, the 
change ~n W due to a change of de in crack length 
is-dW/dc. 
(2) A gain in the excess strain energy in the material 
around the crack. This excess strain energy is 
given by the difference between the strain energy 
in the cracked body and that ~n the same body with-
out a crack. If the excess strain energy is W , e 
the gain in W due to a change of de in crack e 
length is dW /de. e 
(3) A gain ~n surface energy of the crack due to the 
breaking of the molecular bonds along the crack 
path. If the total surface energy ~s W , then s 
the change in W due to a change of de in crack s 
length ~s dW /de. s 
(4) A gain in the kinetic energy of the system due to the 
propagation of the crack. If the total kinetic 
. . * energy ln the system ~s Wk, the increase in Wk due to 
an increase de in the crack length is dWk/dc. 
(5) An expenditure of potential energy on plastic deforma-
tion at the crack tip in the case of a material which 
does not exhibit ideal elastic behaviour. The amount 
of energy expended on plastic deformation, for an 
increase of de in crack length, istdWP1 /dc. 
Since the energy balance of the system must be maintained, the 
five energy changes listed above can be related by the following 
equation: 
dW/dc = dW /de + dW /de + dWk/dc + dW 1 /dc e s p • • • • • • • • ( 3 ) 
A useful summary of the role of the four energy terms, con-
tained in the right hand side of equation (3), in the fracture of 
* 
In the case of a static system, the initial kinetic energy Wk = O. 
7. 
actual engineering materials has been given by Corten and Park 89 • 
In the case of materials which exhibit considerable plasticity, 
such as mild steel, the plastic energy term dWP1 /dc can do~inate 
the energy balance of the system1 2B. On the other hand, in 
brittle materials this term is assumed to be negligibly small in 
comparison with the other terms and can be ignored. 
Since this study is concerned primarily with fracture initiation 
under static load conditions, it can be assumed that the kinetic 
energy changes involved are so small that they can be neglected in 
the following analysis. 
Consequently, the energy balance governing fracture initiation 
in a brittle material under static load conditions can be simplified 
to the following equation: 
dW I de = dW /de + dW /de e s • . . . • . • . . ( 4 ) 
* It can be shown that the gain in excess strain energy around 
the crack is equal to half the loss ~n potential energy of the 
external forces: 
dW /de e = ~ dW/dc • • • • • • • • • • • • • • • • • • ( 5 ) 
Hence, equation (4) can be written as 
dW /de e = dW /de s . . . • . . . . . . . . . . . . . • . . ( 6 ) 
In other words, the surface energy gained in rupturing the 
molecular bonds along the crack path must be equal to the net 
reduction in the strain energy of the system in order that the 
crack may propagate. If the strain energy reduction is smaller 
than the surface energy requirements, the crack will be stable 
and will not propagate. 
* 
LOVE, A.E.H. A treatise on the mathematical theory of elasticity, 
2nd edition, Cambridge Univ. Press, London, 1906, p. 170. 
.. 
8. 
3.2 Derivation of fracture stress in a ~lane body 
In order to evaluate equation (6), the excess strain energy in a 
plane body containing an elliptical crack is calculated. For a 
thin plate under ~lane stress conditions it is found to be 
2 2 
w e = 
c 'ITCJa 
• • • • • • • • • • • • • • • • • ( 7 a) 
E 
If the plate 1s thick compared with the dimensions of the 
crack, then plane strain conditions exist and the excess strain 
energy in the system is given by 
2 2 2 




• • • • • • • • • ( 7b) 
E 
where vis the Poisson's ratio of the material. 
The surface energy of the crack per unit thickness of plate 
is given by 
w s = 4 y c . . . . . . . . . . . . . . . . . ( 8) 
where y is the specific surface energy, 1.e. the quantity 
of ener3y per unit area of crack surface, and 
2c is the length of the crack. 
According to equation (6), the condition for fracture initia-
tion is that the change in excess strain energy is equal to the 
change in surface energy for a change de in crack length. Hence, 
differentiation of equations (7) and (8) with respect to c and 
solving for the applied stress a leads to the following condition 
a 
for crack initiation under plane stress conditions: 
= . . . . . . . . . . . . . 
I 
/ 
* And for plane strain 
= j-: Y_E __ 
" c(l - v
2
) 
• • • • • • • • • • • ( 9b) 
3.3 Derivation of fracture stress from atomic considerations 
Orowans interpretation of Griffith's fracture theory is that a 
sufficient condition for crack propagation is that the tensile s~~ee 
stress induced at the tip of the crack is equal to the molecular 
cohesive strength of the material286. 
Assuming that the radius of curvature (r) of the crack tip is 
of the order of magnitude of the atomic spacing a, equation {2) 
becomes 
00 = . . . . . . . . . . . . . . . ( 10) 
Dividing this equation by equation (1) which defines the theoretical 
strength due to molecular cohesion, the following relationship is 
obtained 
= . . . . . . . . . . . . . . . . (11) 
Within the accuracy of the assumption that the material behaves 
elastically up to fracture and that the crack can be represented by 
a two-dimensional ellipse, equation (12) is in good agreement with 
Griffith's original equations (9a) and (9b). 
3.4 Derivation of fracture stress in a three-dimensional 
system 
One of the principal objections to Griffith's original work is that 
his solution is a two-dimensional simplification of a three-
dimensional problem. Actual cracks are almost certainly three-
* This equation was incorrectly stated in Griffith•s original paper. 
10. 
dimensional in shape and, moreover, they are acted upon by three 
principal stresses. Sack321 has extended Griffith's work to 
the case of a crack which has the shape of a very flat oblate 
ellipsoid ("penny shaped" crack). He has shown that the most 
dangerous cracks lie in planes parallel to the direction of the 
intermediate principal stress which has negligible influence upon 
the stress distribution at the crack tip. The magnitude of the 
applied stress required to cause propagation of this particular 
crack was found to be 
= • • . • • • • • • • • ( 12) 
3.5 ComEarison between theoretical conditions for 
brittle fracture 
TABLE I 
Equn. Derived by Conditions Value assumJ.ng 
0. 79 5 j 9a Griffith Plane stress, plane a = body a 
0. 815 ~ 9b Griffith Plane strain, plane = a body a 
11 Orowan Atomic considerations; 





12 Sack Three-dimensional 1. 280 J y a = a 









The conditions for brittle fracture, obtained by Griffith, 
Sack and Orowan have been listed in Table I for the sake of com-
paris on. Table I shows that the three predictions referring to a 
plane body are in good agreement. 
* 
The assumption that the initial cracks from which fracture 
This is an average value for the Poisson's ratio of the brittle 
materials with which this study is primarily concerned. 
11. 
propagates can be treated as a two-dimensional problem is obviously 
an over-simplification of the actual problem. Internal cracks in 
a brittle material such as rock are probably more correctly 
approximated by the very flat oblate ellipsoid ("penny"shape) 
assumed by Sack. As can be expected from considerations of the 
additional restraint imposed by the material surrounding such a 
crack, compared with a two-dimensional crack, the stress required 
to propagate the "penny" shaped crack is greater than that derived 
by Griffith and Orowan for plane bodies. 
4. EXPERIMENTAL EVIDENCE IN SUPPORT OF GRIFFITH'S HYPOTHESIS 
According to Griffith's hypothesis, the observed tensile strength 
of a brittle material is lower than the theoretical strength due to 
the presence of cracks. Consequently, if these cracks can be 
eliminated or rendered ineffective, it should be possible greatly 
to increase the strength of the ~aterial. 
Griffith himself demonstrated that this is the case by testing 
freshly drawn glass fibres in the diameter range 0.00013 to 0.040 
inches. He found that, as the diameter of the specimen decreased 
and hence the probability of a crack being present decreased, the 
tensile strength increased. In the case of the finest fibres~ he 
measured tensile strengths of up to 480 000 lb/sq. in as compared 
with the usual value of about 25 000 lb/sq. in. 
Reinkober 307 carried out an interesting experiment in which he 
fractured silica glass fibres, then fractured the two fragments and 
then the fragments of the fragments and so on. He reasoned that in 
this way the most dangerous cracks would be progressively eliminated 
and he found that the tensile strength increased from "generation to 
generation". In one case, a fibre of 4.7 inches length fractured 
at 40 000 lb/sq. in while one of its fragments, 0.25 inches long, 
fractured at 110 000 lb/sq. in. 
Orowan286 argued that, since the perfect cleavage planes of 
mica could hardly contain effective cracks, fracture of mica 
lamella must originate at edge cracks. Consequently, if the edges 
of a mica sheet could be relieved of stress, a great increase in 
strength should be observed. By gripping the mica lamella with 
I ' 
12. 
grips which were narrower than the width of the specimen, so that no 
stress was transmitted along the edges, Orowan measured tensile 
strengths of 440 000 lb/sq. in compared with the normal value of 
30 000 lb/sq. in. 
Direct evidence of submicroscopic flaws has been sought by 
. 1 4 2 . 
us~ng the electron microscope. Gordon, Marsh and Parraft , us1ng 
a sodium vapour decoration technique, found convincing evidence of 
small flaws which exist ~n unstressed glass and which multiply with 
application of stress. Their photographs reveal surface cracks of 
1 -3 . 8 -7 . . 4 -6 . 2 x 0 ~nches long, x 10 inches w~de and x 10 1nches deep. 
Cracks of this order of magnitude can easily account for strength 
reductions to approximately ten percent of the theoretical strength. 
5. ESTIMATE OF THE CRITICAL CRACK LENGTH IN ROCK 
Brace 51 , using measured values of tensile strength, Young's modulus 
and specific surface energy, calculated from equation (9a), the 
critical crack length which could be anticipated in several types. 
of rock. Detailed measurements on these rocks, particularly on 
limestone specimens, revealed a remarkably close correlation between 
the calculated crack length and the maximum grain diameter of the 
material. 
\ 
In order to eliminate the uncertainty involved ~n the determina-
tion of the specific surface energy, Brace compared two samples of 
limestone which, apart fro.m having different grain sizes were, for 
all practical purposes, identical. 
...--\%t· 
It can be deduced from equation (9a) that, provided the Young's 
modulus and specific surface energy remain unchanged, the tensile 
strength of the material should be inversely proportional to the 
square root of the crack length. Substituting the maximum grain 
diameter of the limestone specimens for crack length in equation 
(9a), Brace found near perfect agreement between the ratio of 
observed and anticipated strengths. 
Although the results presented by Brace are only applicable to 
limestone, it is reasonable to assume that the critical cracks 
which give rise to brittle fracture in hard rock are of the same 
order of magnitude as the maximum grain diameter of the material. 
13. 
6. FRACTURE OF BRITTLE MATERIALS SUBJECTED TO 
TRIAXIAL STRESS 
In 1924 Griffith extended his original fracture hypothesis to 
include the behaviour of n brittle material subjected to triaxial 
compress~ve stress 151 • The currently accepted interpretation of 
this extension is that the fracture of a body containing randomly 
oriented cracks, subjected to any condition of applied load, 
occurs when the max~mum tensile stress at tips of favourably 
oriented cracks exceeds the molecular cohesive strength of the 
materia1 286 • 
In order to obtain the conditions for brittle fracture in the 
case of a material subjected to triaxial stress, it is necessary 
to consider the stress distribution around the boundary of a 
crack under these conditions. In order to simplify the 
mathematical analyses involved in this study, the crack is 
approximated by a flat ellipse in a two-dimensional stress field 
as illustrated in Figure 1. 
Sack321, in his theoretical considerations of the stresses 
around a penny shaped crack in a triaxial stress field, showed 
that the highest tensile stresses occur at the boundary of the 
crack which lies in the plane of the intermediate principal stress. 
He found that the magnitude of these tensile stresses was not 
markedly influenced by this intermediate principal stress. 
11 2 71 h . . . d. t Murre as d~scussed the ~nfluence of the 1nterme 1a e 
principal stress and, using the experimental results of Von 
,. ,. 357 45 . h Karman and Boker , has shown that the max1mum effect of t e 
intermediate principal stress on the axial stress at fracture is 
approximately 15%. ~~~1• 
Consequently, the two-dimensional treatment of the stresses 
around a crack, presented in this study, is considered sufficiently 
accurate for practical purposes. 
Although more elegant calculations of the stress distribution 
around cracks have been carried out, notably by Williams 369 and 
Barenblatt23, the author feels that much of the clarity of the 
physical reasoning for which the mathematics is a model is lost 












Stresses acting upon a crack which is inclined at an angle 'I' to the 






most involved calculations can only predict an overall pattern of 
behaviour and the parameters which govern the fracture behaviour 
of a particular material must be determined experimentally. It 
will be demonstrated in this study that the simple mathematical 
approach outlined hereunder offers an adequate prediction of the 
rock fracture phenomena which are of interest to the science of 
rock mechanics in its present state of development. 
6.1 Stresses acting upon an elliptical crack 
The two-dimensional stress field in the material surrounding an 
elliptical opening is most conveniently expressed in terms of the 
elliptical co-ordinates ~ and n which are defined by the following 
equations of transformation from a rectangular Cartesian system 
of co-ordinates x and z. 
X = c Sinh ~ sin n 
z = c Cosh ~ Cos n 
In Figure 1, the system of rectangular co-ordinates x, z is 
parallel to the axes of the elliptical opening: it is inclined at 
an angle w with respect to the system of rectangular co-ordinates 







denotes the algebraically largest and 
o
3 
the algebraically smallest of the three principal stresses. 
Note that, throughout this study, compressive stress is taken 
as positive. This sign convention has been adopted because of the 
predominance of compressive stresses ~n rock mechanics problems. 
The normal stress a , parallel to the minor axis of the 
XX 
elliptical crack, and the shear stress ' are related to the xz 
principal stresses o 1 and o 3 
by the following equations: 
~ ~ 
~ 
2o = (ol + o3) (ol - o3) Cos 2w . . . . . (13) XX 
2, = (ol - cr3) Sin 2$ . . . . . . . . . . . . . . . . (14) xz 
~-
16. 
The normal stress a , parallel to the major ax1s of the zz 
crack, has a negligible influence upon the stresses induced near 
the crack tip and is, therefore, not considered in the following 
analysis. 
6.2 Griffith's fracture criterion for open cracks 
The tangential stress a at the boundary of an open elliptical n 
crack, due to the stresses a and , , can be calculated from 
· · XX XZ 




a (Sinh 2~ + e .Cos 2n - 1) + 2T .e 
XX 0 XZ 
Cosh 2~ - Cos 2n 
0 
2~ 0 . 
.Sln 2n 
• • ( 15) 
where ~ is the value of the elliptical co-ordinate ~ on 
0 
the crack boundary. 
The maximum boundary stresses occur near the ends of the 
crack, i.e. when the value of the elliptical co-ordinate n is 
small. Since the value of ~ = ~ (the ellipse in elliptical 
0 
co-ordinates) is also small for a very flat ellipse, equation (15) 
may be simplified by series expansion in which terms of the second 
. * order and higher which appear in the numerator are neglected • 
This simplification results in the following equation, valid only 
for the stresses near the crack tip: 
a 
n = • • • • • • • • • • • • • • ( 16) 
~ 2 + 2 
~o n 
Differentiation of equation (16) with respect to n and equat-
ing aa /an to zero results in a quadratic equation in n from . n 
which the positions on the crac~ boundary at which the maximum 
and minimum stresses occur can be determined. Substituting 
these values of n into equation (16) gives the maximum and 
minimum stresses on the boundary of the crack as 
A complete derivation of the equations governing fracture ini-
tiation according to the original Griffith theory is given in 
Appendix Al. 
= a ± ja 2 + 2 XX XX TXZ • • • • • • • • • • • ( 17) 
where aN is the maximum or minimum value of the tangential 
stress a of the ellipse boundary. n 
Expressing equation (17) in terms of the principal stresses 
cr1 and cr 3 from equations (13) and (14) gives 
or 
= 
where k = 
The critical crack orientation~- at which the maximum and c 
minimum stresses are induced near the crack tip is found by 
differentiating equations (18) with respect to ~ and letting 
acrN/a~ = 0. This gives 
1 - k 
Cos 2~ . c = = • • • • • • • • • ( 19) 
2(l+k) 
Not._that this equation is only meaningful for values of 
~,; 
a 3 ~ - cr 1 /3 or k ~ - 0.33. The critical crack orientation for 
algebraically smaller values of k must be determined from other 
considerations which will be dealt with later. 
The maximum and minimum stresses at the boundary of a crack 
oriented at the critical angle ~ under conditions where k ~- 0.33 c 
are found by substituting ~c from equation (19) for ~ in equations 
(18). If it is accepted that fracture occurs as a result of 
tensile stress at or near the crack tip, only the minimum (negative) 
18. 
stres~ given by this substitution need be considered. Hence 
a • ; 
0 0 = = 
-a 1(1- k)
2 
~ . . . . . . . . (20) 
4(1 + k) 
where cr
0 
denotes the minimum (algebraically smallest value 
of the tangential stress on the boundary of the 
ellipse. 
If it is postulated that the fracture of a brittle material 
initiates when the maximum tensile stress at the crack tip is 
equal to the molecular cohesive strGngth of the material 28 ~ then 
equation (2P) expresses a fracture criterion for a brittle material 
under conditions where k ~ - 0.33, if o
0 
is taken as the molecular 
cohesive str•ngth of the material. 
The molecular strength, a , and 
0 
the crack geometry, ; , can-o 
not be determined by direct physical measurements. However, their 
product can be expressed in terms of the uniaxial tensile strength, 
ot' determined on a labora~ory specimen. Since, for uniaxial 
tension (cr
3 
< o, o 1 = 0), k = -~, equations (19) and (20), which 
are only valid for k > - 0.33, cannot be used to find a relation-
= 
ship between a .~ and crt and equation (18) must be resorted to for 
0 0 
finding this relationship. 
6.2.1 Fracture under uniaxial tensile stress conditions 
If the plane body containing the crack, illustrated in 
Figure 1, is subjected to a uniaxial tensile stress (i.e. 
a
3 
< o, o1 = 0), the maximum stress at the crack tip (oN) 
is dependent upon the minor principal stress o 3 only. 
Hence, equation (18) simplifies to 
• • • • • • ( 21) 
The maximum tensile stress at the crack tip occurs when 
the bracketted term on the right hand side of equation (21) 
is a maximum. This occurs when Cos 2$ = 1 or when $ = 0, 
19. 
giving 
cr • ~ 
0 0 
= • • • • • • { 22) 
If the minor principal stress cr
3 
~s tensile (negative), 
equation (22) defines the fracture criterion for uniaxial 
tensile stress conditions in terms of the molecular cohesive 
strength of the material (o
0
) and the crack geometry (~ 0 ). 
Denoting the uniaxial tensile strength of the material, 
* measured on a laboratory specimen, as crt , equation (22) 
may, with cr
3 = crt' be re-written as: 
cr -~ 0 0 = 2crt •••••••• ••••••• •••••• {23) 
6.2.2 Fracture conditions fork >- 0.33 
Equation (20), which is valid fork~- 0.33, is of limited 
practical use because the term cr .~ cannot be evaluated in 
0 0 
the laboratory. If, 
terms of the uniaxial 
according to equation 
however, this term is expressed in 
tensile strength of the material (crt)• 
(23), the fracture criterion becomes 
= 
cr (1 - k) 2 
1 
( 1 + k) 
= -8cr •••••• (24a) 
t 
The author has found that the most useful interpretation 
of this equation is in expressing the major principal stress 
{cr
1
), at fracture, in terms of the principal stress ratio (k) 
and the uniaxial tensile strength (crt): 
* 
= 
-8cr ( 1 + k) 
t 
•..•..........•.. ( 24b) 
Note that the uniaxial tensile strength is negative by defini-
tion. Hence, in substituting a numerical value for crt' the 
negative sign must be shown e.g. crt = - 100 lb/sq. ~n. 
20. 
6.2.3 Fracture conditions fork = -0.33 
When k = -0.33 then, from equation (19), Cos 2~ = 1. 
Substituting this value into equation (18) gives 
= • • • • • • • • • • • (25) 
= -0.33) 
which is identical to equation (22). 
In other words, the fracture conditions fork = -0,33 
are identical to those for uniaxial tension and the fracture 
criterion for this case may be expressed as 
= . . . . . . . . . . . . {26) 
= -0.33) 
6.2.4 Fracture conditions for k < -0.33 
Since fracture for both k = - ~ and k = -0.33 occurs when 
the minor principal stress a
3 
equals the uniaxial tensile 
strength of the material at' according to equations (22), 
(23) and (26), it can be deduced by interpolation that the 
same condition must hold for the entire range - ~ < k ~ - 0.33. 
* In other words, equation (26} may be written as 
a3 
(- 00 < k < - 0.33) 
= (Jt •••••• (27) 
= 
Similarly, since ~ = 0 for both k = - ~ and k = - 0.33, 
the critical crack orientation for - ~ < k 
unchanged at $ = o. 
< - 0.33 remains = 
7. MODIFIED FRACTURE CRITERION FOR CLOSED CRACKS 
One of the principal deficiencies of the original Griffith theory, 
* An alternate proof for the vali.di ty of equ:ation ( 27) i.s .8l. ven 
in section 9.3.2. 
21. 
when applied to the pr~diction of bri~~~ r~acture initiation 
under compressive stress conditions. lies in the fact that it 
does not make provision for the closure of very flat cracks before 
the tensile stresses at their tips have reached sufficient 
magnitude to cause them to propagate. The frictional forces 
which occur when the crack faces are forced into contact can 
exert a marked influence upon the subsequent crack behaviour. 
A difficulty associated with the theoretical consideration 
of the effects of crack closure is to decide upon the exact stress 
level at which crack closure occurs. Obviously, this stress is 
governed by the physioal characteristics of the material under 
consideration and it is unlikely that it will have a single 
clearly defined value in the case of a material such as rock, 
In the following analysis, based on the modification to 
Griffith's fracture theory by McClintock and Walsh 2 ~ 9 , it is 
assumed that the initial crack in an unstressed body is unif~rmly 
closed over its entire length 1 i,e. the stress required to cause 
crack closure is zero, The effects of this closure stress having 
a value other than zero will be discussed in a later section 
dealing with the influence of additional factors upon fracture 
initiation• 
The stress system acting upon a closed crack is given in 
Figure 2, Note that this stress system differs from that for an 
open crack, illustrated in Figure l, in that a normal and a shear 
stress (a and t respectively) act on the crack surfaces. n n 
When the stress a acting across the crack becomes com-xx 
pressive (positive) a normal stress a n 
reaction between the crack surfaces. 
= a results from the 
XX 
Under these conditions, 
the normal stress a is transmitted across the crack surfaces 
XX 
without influencing the stresses induced at the crack tips and, 
hence, it plays no direct part in the fracture process. 
In addition, however, frictional shear resistance T occurs 
n 







' o; I 
FIGURE 2 
Stresses acting upon a closed crack which is inclined at an angle 'P to 







* the crack surfaces • Defining the ratio of the frictional shear 
resistance tn to the normal stress on as the coefficient of 





= = • • • • • • • • • ( 28) 
The shear stress t can only induce tensile stresses at xz 
the crack tip when this frictional resistance has been overcome and 
when relative movement between the crack surfaces can occur. 
sequently, the net shear stress which is effective in inducing 
tensile stresses on the crack boundary is 
Con-
or (from equation (28)) t - ~0 XZ XX 
The tangential stress on the boundary of the closed crack 
(o ), due to the net shear stress (t - ~o ), can be determined 
n XZ XX 
by replacing txz by (t - ~o ) and o ; by (a -o )E.; 
XZ XX XX 0 XX n 0 = 
( o - o )r = 0 in equation (16): 
XX XX ~0 
= 
2n(t - "O ) XZ ~ XX 
• • • • • • . • • ( 29) 
Differentiating equation (29) with respect to n and equating 
aa /an to zero gives 
n 
the position on the crack boundary at which 
the maximum and minimum stresses occur as n = ±;
0
• Substituting 
this value into equation (29) gives the maximum and minimum 
* Note that, in addition to the frictional shear resistance which 
occurs as a result of the contact pressure between the crack 
surfaces, interlocking of p~ojections and irregularities on the 
crack surfaces may also occur and, as a result, the total shear 
resistance t may be greater than the normal stress o • In 
other words,nthe coefficient of friction IJ may have anvalue 
greater than unity. 
The mechanism of crack propagation in a material having a 
coefficient of internal friction of greater than unity will be 
discussed in Part II of this study. 
24. 
tangential stresses aN on the boundary of the crack as 
a ~ 
N o = ± (t - lla ) •••••••••••• (30) XZ XX 
Since crack propagation occurs as a result of tensile stress, 
only the negative value of equation (30) need be considered. 
Expressing this equation in terms of the major principal 
stress a 1 and the principal stress ratio k, from equations (13) 
and ( 14): 
= -~a 1 ((1-k)Sin 2$- ~{(l+k)- (1-k) Cos 2$}) ••••• (31) 
Differentiating equation (31) with respect to $ and equating 
aaNia$ to zero gives the critical crack orientation $c for a closed 
crack as 
= • • • • • • • • • • • • • • • • • ( 32) 
The highest tensile stress on the boundary of a crack 
oriented at the critical angle $c is given by substituting 
$ = ~ arctan ( 1 /~) (from equation (32)) into equation (31). 
As in the case of the original Griffith's theory, this stress 
can be related to the uniaxial tensile strength of the material 
by means of equation (23). The resulting fracture criterion for 
a brittle material with initially closed cracks is then given by 






This criterion is only valid when the normal stress axx is 
compressive, i.e. when a > 0. 
XX 
25. 
8. TRANSITION FROM ORIGINAL TO MODIFIED GRIFFITH CRITERION 
It has been assumed that~ in the hard rocks under consideration in 
this study, the Griffith cracks in the unstressed material are 
initially closed. Consequently• the original Griffith fracture 
criterion for open cracks is only applicable when the normal stress 
o acting across the crack is tensile (negative). xx 
The crack orientation at which this stress becomes tensile 
is given by substituting o 
XX 
Cos 2 lJi = 
1 + k 
1 - k 
0 in equation {13): 
0 0 •• 0 0 • • • • • • • • • • • • ( 34) 
8.1 Limit of validity of origlnal Griffith theory 
The derivation of the original Griffith fracture criterion for 
open cracks is dependent upon the fact that the critical crack 
orientation lJi can be determined from equation (19). Since c 
this equation is only valid when the crack is open, i.e. when 
o is tensile, the limit of validity of the original Griffith 
XX 
criterion occurs when the crack orientation lJi .given by equation (34) 
is equal to the critical crack orientation lJ!c given by equation 
(19). Equating equations (34) and (19) and solving fork gives 
k = - 0.17 •••c•••••••••••••• (35) 
which defines the upper limit of validity of the original Griffith 
theory under these conditions. 
8.2 Limit of validity of modified fracture theory 
The critical crack orientation for the modified fracture theory is 
defined by equation (32) which is only valid when the normal stress 
o acting across the crack ls compressive. Hence the lower limit 
XX 
of validity of the modified fracture criterion occurs when lJ!c given 
by equation (32) is equal to the crack orientation lJi at which o 
XX 
becomes compressive, given by equation (34). 
26. 
Expressing equation (32) in terms of Cos 2~ and equating it 
c 
to equation (34) gives 
1 + k 
Cos 21JJc = = • • • • • • • • • ( 36) 
1 - k 
Solving for k 
k = • • • • • • • • • • • • • • • ( 37) 
J 2' lJ +1 + lJ 
It follows from equation (37) that the lower limit of validity 
of the modified fracture criterion can only coincide with the upper 
limit of validity of Griffith's criterion (which is at k = - 0.17) 
when lJ = 1.00. Hence, for any other value of \J, there must be a 
region of transition between the upper limiting value of k for the 
Griffith criterion and the lower limit for the modified criterion. 
8.3 Transition when lJ < 1.00 
When lJ < 1.00, the limiting value of k for the modified fracture 
theory, given by equation (37), is algebraically smaller than 
- 0.17 and the two fracture theories overlap. McClintock and 
Walsh suggest that fracture occurs at the lowest fracture stress 
predicted by either theory and hence, that the limiting value of k 
is that for which the fracture stress is the same for both criteria. 
Hence, equating the fracture stresses from equations (24b) and 
(33), this limiting value of k is given by: 
-1 
k = . . . . ~ . . . . . . . . {38) 
2 
+ lJ + 2jJ + 1 
Below this value of k, the original Griffith criterion 
represented by equation (24b) is applicable while, for greater 
values of k, the modified fracture criterion represented by 
equation (33) should be used. 
27. 
8.4 Transition when ~ > 1.00 
When~ > 1.00, the limiting value of k for the modified fracture 
criterion, gl.ven by equation ( 37), is algebraically greater than 
- 0.17 and a zone of k-values exists in which neither fracture 
criterion is valid. This transition zone is due to the fact that 
cracks oriented at an angle defined by equation (19) are closed 
while those with an orientation given by equation (32) are open. 
Consequently, neither equation (19) nor equation (32) hold in 
this region. 
If it is assumed that, under these conditions, fracture 
initiates at those cracks which have just.opened, i.e. those which 
are oriented at the angle~ defined by equation (34), then, from 
equations (34) and (18), the fracture criterion in this transition 
zone is found to be 
= 
- 2o t 
••••••••• ~ • • • • • • • ( 39 ) 
Since the value of k is always negative within this transi-
tion zone, this equation has physical meaning. 
8.5 Limiting value of k above which fracture cannot occur 
Examination of equation (33) reveals that, for a given value of ~, 
a value of k will be reached at which the stress o1 required to 
cause fracture is infinite. This occurs when 
(1 - k) = ~(1 + k) 
or when k = • • • • • • • • • • • • • • • • • ( 4 0) 
For a greater value of k than that given by equation (40) for 
a given coefficient of friction ~, the material will not fracture 
if it behaves in accordance with the modified Griffith's fracture 
criterion. 
28. 
9. GRAPHICAL REPRESENTATION OF ORIGINAL AND MODIFIED 
GRIFFITH FRACTURE CRITERIA 
The equations which have been derived on the preceding pages offer 
a number of possibilities for the graphical representation of the 
state of stress at which fracture of a brittle material initiates 
under static load conditions. A detailed discussion of the merits 
of these various graphical representations does not fall within 
the scope of this study and has already been adequately dealt with 
in standard texts such as that by Nadai2 77 • 
Three graphical representations of the state of stress at 
which brittle fracture initiates will be used in this study: 
(a) The relationship between the major principal stress 
(o 1 ) at fracture and the minor principal stress (o 3
). 
(b) The relationship between the major principal stress 
(o 1 ) at fracture and the principal stress ratio (k). 
(c) The Mohr envelope for fracture initiation. 
It should be noted that these three graphical representations 





only. As already discussed (section 6), the influence of the 
intermediate principal stress (o 2 ) is assumed to be sufficiently 
small to permit its omission from this analysis. A more complete 
analysis 93 would include the effects of the intermediate principle 
stress which would be plotted as a third axis on the above graphs. 
The complete fracture criterion would then be represented by a 
three-dimensional diagram. The two-dimensional graphical repre-
sentations of the state of stress at fracture discussed in this 
study are sections through the three-dimensional fracture diagram. 
In deriving the conditions for fracture initiation in a 
brittle material, the uniaxial tensile strength (ot) has been chosen 
as a basic material constant. The reason for this choice is that 
the uniaxial tensile strength (ot) is theoretically related to the 
molecular cohesive strength of the material (o ) (equation (23)) 
0 
which is assumed to govern the mechanism of brittle fracture 
initiation. 
29. 
In spite of the theoretical advantage of expressing the 
strength of a brittle material in terms of its uniaxial tensile 
strength, the practical difficulties associated with its 
accurate determination imp~se a serious limitation upon the 
usefulness of this means of expression . 
. [,,.tile 
On the other hand, the uniaxial compressive strength 
(crc) of a\material is probably the easiest strength value to 
/ determine experimentally and it is advantageous to use this 
- value as the basic material constant in place of the uniaxial 
tensile strength. 
If it is assumed that the cracks from which fracture of a 
brittle material initiates are initially open and that they remain 
open under compressive stress conditions, then the original 
Griffith fracture theory ca~ be used to relate the ~niaxial 
tensile and compressive strengths. 
ac = a 1 in e quat i on ( 2 4 b ) , 
(k = 0) 
= -8cr t ····~···-o·····41····· (41) 
In this study, however, it has been assumed that the cracks 
from which fracture propagates are initially closed and that the 
modified Griffith's theory must be applied when the normal 
stress a across the crack is compressive. Consequently, the 
XX 
relations hip between th.e uniaxial tensile and compressive· strengths 
which will be used in the following discussion is obtained by 
substituting k = 0 and crc = a 1 in equation (33): 




•••• « 0 • • • • • • • • ( 42) 
In the following discussion on the graphical representation 
of the original and modified Griffith's fracture criteria, the 
equations will be derived in terms of the uniaxial tensile 
strength {crt). However, to facilitate practical application of 
30. 
·( {these equations, they will also be given (in Figures 5, 7 and 10 
. and Table II) in terms of the uniaxial compressive ~trength (o ). / c 
In addition to the graphs of the state of stress at fracture, 
it is useful to plot the critical crack orientation (~ ) against c 
the principal stress ratio (k) for the various conditions dis-
cussed in the preceding sections. This graph, representing 
equations (19), (38), (32) and (34) is presented in Figure 3. 
It is i~portant to note that the critical crack orientation 
(~c) given in equations (19), (38), (32) and (34) and shown ~n 
Figure 3 refers to the direction of the crack which has the 
highest tensile stress at its tip. Theoretically, fracture will 
propagate from the tip of this crack but the direction of fracture 
propagation need not coincide with the direction of the initial 
crack (defined by 1jJ ) • . Experimental evidence presented by Brace 
.c 
and Bombolakis 50 indicates that, under compressive stress condi-
tions, the crack propagation may follow a complex path and that 
the inclination of the final fracture surface may differ markedly 
from the inclination of the initial crack. A discussion of 
fracture propagation is included in Part II of this study. 
9.1 Relationshi 
at fracture 
The original Griffith criterion for fracture initiation is 
expressed by equation (24a) which relates the major principal 
stress (o 1 ) and the principal stress ratio (k). 




This equation is only valid fork > - 0.33. 
The relationship between the major principal stress and the 
principal stress ratio for the modified fracture criterion is 
g~ven by e~uation ( 33): 
-4 
= • • • • • ( 33) 
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Re lationship be tween the crit ical crock orientation 'Pc and the 




The limits of validity of equations (24a) and (33) and the 
transition from the original to the modified Griffith's theory 
have been fully discussed in section 8.4. The equations govern-
ing the relationship between the major principal stress (a
1
) at 
fracture and the principal stress ratio (k) are graphically 
represented in Figures 4 and 5. Note that, in the graphs, it has 
been found convenient to plot the major principal stress (a 1 ) on 
a logarithmic scale. 
The author has found this particular representation of the 
original and modified Griffith's criteria the most useful for the 
analysis of practical brittle fracture problems. 
9.2 
From major 
and minor principal stresses at the initiation of fracture can be 
written as follows: 
= (43) 
Since equation (24) ~s only valid for k > -0.33 1 equation 
(43) is also only valid wi t hin this region and only the positive 
sign ~'7-in equation (43) is me aningful. ~-) 
As shown previously, f or k < -0.33, 
0'3 
(- 00 < k < -0.33) 
= . . . . . . . • . . . ( 27) 
In the case of the mo d ified fracture criterion, the relation-
ship between the major and minor principal stresses at fracture • 
is derived from equation ( 3 3)~ ~ is found to be 
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Equation (43) is the e quation of a parabola with its apex at 
the origin and with its axi s of symmetry defined by a 1 = a 3 • 
Equation (27) defines a vertical straight line which is 
tangential to the parabola ( equation (43)) at k = -0.33. 
Equation (44) is also t hat of a straight line. The transi-
tion from the parabola (equ a tion (43)) to the straight line 
(equation (44)) depends upo n the value of the coefficient of 
friction (~) as discussed i n sections 8.3 and 8.4. 
When~ < 1.00, the tran sition from the parabola (equation (43)) 
to the straight line (equat i on (44)) occurs at 
- 1 
k = • . • • • • • • • . . . . . { 38) 
2~ + 2~ + 1 
When~ = 1.00, the straight line (equation (44)) ~s tangential 
(i.e. it has the same slope) to the parabola (equation (43)) at 
k = - 0.17. 
When~ > 1.00, equation · (43) is only valid up to k = - 0.17 
and equation (44) is only valid down to 
k = • • • • • • • • • • • • • • • • • • • • ( 3 7 ) 
~ + 
The transition curve b etween these two limits is defined by 




= . . . . . . . . . . . . . . . . . . • • . ( 45) 
The equations definin g the relationship between the major 




uniaxial tensile strength, are represented graphically in Figure 6. 
!  
Graphical representation of these equations, in ter
7
m•s of the 
uniaxial compressive strength, is given in Figure 
9.3 Limiting Mohr envelopes for brittle fracture 
initiation 
The graphical representation of stress proposed by Mohr2 57 , in 
addition to being familiar to most engineers, is a useful aid ~n 
visualising some of the stress phenomena which are associated with 
the fracture of a rittle material. ! 
hc~ c;.~ ~ov.S (~ !: 
The two-dimensional stress at a point can be specified by the 




and by the inclination of cr
1 
to a 
given reference direction. In practice, it is oft~n useful to 
know the stress across a plane oriented at an angle $ with respect 
to the direction of cr
1
• It is convenient to specify the stress 
across a plane by two components, the stress component a normal 
XX 
to the plane and the shear stress component t parallel to the xz 
plane. The components a and t 
XX XZ 





and to the angle $ by equations (13) and (14): 
= 
= (cr 1 - a 3 ) Sin 2$ ••••••••••••••••••••• (14) 
These equations speci f y a circle ~n a t - a system of 
rectangular Cartesian co-o r dinates. The radius of the circle 
~(al - a3) and its centre ~ s located at t = o, a = H cr 1 
as illustrated ~n Figure 8. \.~0 
From the geometry of t he circle illustrated ~n Figure 8 
it will be seen that 
+ 
~s 
a 3) ' 
11 t xz 2 = 
. J' 
~ Hence, any two-dimensional state of stress (a 1 , a 3 ) can be 
~ graphically represented by such a circle, called a Mohr circle. 
As will be noted from Figu r e 8, the stress components axx and 'xz 
"t:) -1 6 
o-' 
a. - 'tl-~ a 
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ac 
39. 
across a plane at an angle ~ to the direction of the principal 
stress a
1 
can be determine d directly from the Mohr diagram. 
A fracture hypothesis which specifies the state of stress at 
fracture can now be graphi c ally represented by an infinite number 
of Mohr circles for the st a tes of stress at which fracture occurs. 
The envelope to these circ l es, called th e Mohr envelope, can be 
described by an equation T = f(a). 
9.3.1 Envelope ~- a fam i ly of Mohr circles defined 
by the original Gr iffith theory fork > - 0.33 
According to the origiu a l Griffith theory, the principal 
stresses a 1 and a3 at f r acture, for k > - 0.33, are related 
by equation (24a) which may be written in the following form: 
= • • • • • ( 47) 
From equations (46 ) and (47), the family of Mohr circles 
representing the fractu r e of a brittle material which behaves 
~n accordance with the o riginal Griffith theory (fork > - 0.33) 








+ 4a a x z t m = 0 • • . . . . • . • • ( 48) 
where am = ~ ( a 1 + a 3 ) , ~s t h e mean stre ss, 
The general method of fitting an envelope to a family 
of curves, defined by an equation f( a , T , a ) = 0, is 
XX XZ m 
to eliminate the variab l e parameter a between this equation m 
and af1 = 0 * a a • m 
Equating the parti a l derivative with respect to a 
(aflaa ) of equation (48 ) , to zero gives m 
m 
* PIAGGIO, H.T.H. 
An elementary treatis e on differential equations 
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FIGURE 8 
Mohr 's graphical representation of stress. 
0 m = 0 XX 
41. 
. . . . . . . . . . . . . . . . . . . ( 49) 





= •.•..•••••••• (50a) 
This is th e equati o n to a parabolic Mohr envelope repre-
sen t ing the conditions for fracture initiation in an ideal 
Griffith material for k > - 0.33. 
The subscripts and have been retained ~n the above 
X X XZ 
derivation to conform with the nomenclature used ~n the earlier 
part of this study. However, for practical application, it is 




T = • . • • • . • • • • • • • • • • • . • • ( 5 Ob) 
= . . . . . . . . . . . ( 50c) 
The inclination of the plane (x, z) in which the shear 
s t ress (T) acts, in relation to the direction of the major 
principal stress ( cr1 ) is given by equation (19): 
Cos 2 tjJ 
c = . . . . . . . . . . . . . . ( 19) 
9.3.2 Envelope to a family of Mohr's circles defined 
by the o r iginal Griffith theory fork < - 0.33 
The radius of curvature (R) of the parabolic envelope defined 
by equation (50b) can be determined from the following general 
* relationship : 
42. 
R = . • • • . . . . . • . • • . ( 5 1 ) 
, 2 
- a. ~ 2 
dT 
Substitutin g the fir s t and second derivatives of equation 




+ T ) 
. . . . . . . . . . . . . . . (52) 
The radius of curvature of the apex of the parabolic Mohr 
envelope, defined by e quation (50b), is obtained by substituting 
T = 0 in equation (52): 
R 
apex = 2at •. • • • .. •. • .. • • • •. •. (53) 
From equation (50b), the apex of the envelope, when 
T = 0, is located at o = ot. Since o = o
3 
when T = 0 
(by definition), it follows that the apex of the envelope 
lies at 
0 = 0 3 = 
0 
t ............ ( 54) 
From Figure 9 it c a n be seen that the centre of the 
circle of curvature lies at - ot while the major principal 
stress o1 = - 30 t. Consequently, the circle of curvature 
of the apex of the parabolic Mohr envelope defined by equation 
(50b) coincides with t h e condition °3 / = k = - 0.33. 
01 
* 
GRANVILLE, W.A., SMI TH , P. F . and LONGLEY, W.M. 
Elements of differential and integral calculus 
Ginn and C omp any ~ New York, 1941, p. 152 
Since the Mohr circles for k < - 0.33 all lie within 
the circle of curvature of the apex, they can only touch the 
envelope at a single point ~.e. a = a
3 
= crt and the con-
dition for fracture initiation within the range - ~ < k < - 0.33 
= 
is given by 
cr3 
( - ~ < k < - 0.33) 
= • . . . . . . . . ( 27) 
This equation ~s identical to equation (27) which was 
derived ~n section 6.2.4 and the above argument can, in fact, 
be used as an alternate proof for the validity of equation (27). 
Since T = 0 for k < - 0.33, it follows from Figure 9, that 
ljJ 
c(k ~- 0.33) 
= 0 • • • • • • • • • • • • • ( 5 5 ) 
9.3.3 Envelope to a family of Mohr's circles defined 
by the modified Griffith theory 
According to the modified Griffith theory, the principal 
stresses cr 1 and cr 3 
at fracture are related by equation (33) 
which may be re-written as: 
= . . . . . . . . . . . (56) 
From equations (46) and (56), the family of Mohr circles 
representing the fractu r e of a brittle material which behaves 
in accordance with the modified Griffith theory is defined 
by the following equati o n 
(cr - a ) 2 + T 2 m XX X Z = 2 
(1 + ll ) 
• • • • • ( 57) 
44. 
Equating the parti a l derivative of equation (57), 




(l + ~ )a - 2~crt 
XX 
• . . • . . . . • . • (58) 
Eliminating a bet ween equations (57) and (58): 
m 
T xz = ~ a - 2crt •• •••• •••••••••••• (59a) XX 
Equation (59a) is the equation of a straight line Mohr 
envelope which defines the condition for fracture initiation 
in a brittle material containing initially closed cracks, when 
the normal stress across the cracks (cr ) is compress~ve. 
XX 
As in the case of the original Griffith theory, for 
I 
practical application it is convenient to omit the subscripts 
and and to write equation (59a) simply as 
XX XZ 
= ~a - 2crt •••••••••••••••••• (59b) 
or 
~ T I - 2 • • • • • • • • • • • • • • • • ( 59c) 
crt 
The inclination of the Mohr envelope defined by equation 
(59b) is given by equation (32): 
Tan 2tjl c = • • • • • • • • • • • • • • • • • ( 32) 
9.3.4 Transition between Mohr envelopes for the 
original and modified Griffith's theories 
In deriving the fracture criteria discussed in the preceding 
sections of this study, it has been assumed that the cracks 
from which fracture initiates are initially closed. When 
the normal stress a ac t ing across a crack (see Figure l) 
XX 
is tensile, the crack ope ns and the original Griffith theory 








(see Figure 2) is compre s sive, a shear resistance is induced 
parallel to the crack sur faces and the modified fracture 
criterion becomes operat i ve. 
Since the normal st r ess a is plotted as the ordinate 
XX 
of the Mohr diagram (see Figure 8), the transition between 
the Mohr envelopes repre s enting the original and modified 
Griffith•s criteria occu r s at a = 0. 
XX 
Examination of equat ions (50) and (59) shows that, ~n 








• • • • • • • • • • • • • • • • ( 60) 
Consequently, the transition between the Mohr envelopes 
representing the original and modified Griffith criteria occurs 
at a point defined by (a = 0, t = -2at). 
\1-'a;.l 
It . ~s evident from Figure 3 that the slope of the Mohr 
envelopes for the origina l and modified theories, at the point 
of transition, can only b e identical for ~ = 1.00. If the 
coefficient of friction (~) has any value other than 1.00, the 
Mohr envelope defining t h e fracture behaviour of the material 
is discontinuous at the point of transition. This is illus-
trated for the cases ~ = 0.75 and ~ = 1.5 in Figure 9. 
Although the degree of discontinuity is not large, the 
fact that the Mohr envel ope is discontinuous, for values of 
~ other than 1.00, suggests that the limits of validity imposed 
upon the original and modified theories (see section 8) should 
not be too rigidly adhered to for practical application. 
These limits have been derived on the assumption that all the 
cracks within the stressed body behave in an identical manner. 
This assumption is obviously an over-simplification of the actual 
situation as, in a material such as rock, the transition from 
the original to the modified criterion will occur gradually 
over a stress range rather than at a specific stress level. 
46. 
9.3.5 Grafhical representation of equations 
def~ning the Mohr envelopes representin~ 
the original and modified Griffith's cr~teria 
The equations which define the Mohr envelopes representing 
the original and modified Griffith's fracture criteria are 
presented graphically in Figures 9 and 10. As in the case 
of the other graphical representations, the equations are 
presented in terms of both the uniaxial tensile and the 
uniaxial compressive strength of the material. Mohr 
circles for particular stress states which are of interest 
in this study are included in these Figures. 
10. SUMMARY OF EQUATIONS DEFINING FRACTURE INITIATION IN A 
BRITTLE MATERIAL CONTAINING INITIALLY CLOSED CRACKS 
The equations defining fract~~ ~ initiation in a brittle material 
containing initially closed cracks, discussed ~n the previous 
section and represented graphically in Figures 3 to 7 and 9 and 
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PART II 
11. ROCK FRACTURE 
50. 
THE FRACTURE Qf BRITTLE ROCK AND THE INFLUENCE 
OF APDtTI ONA~ FACTORS UPON FRACTURE 
The theoretical considerations presented in part I of this study 
were based upon fracture initiation at the boundary. of an 
isolated crack in a uniform stress field. The immediate 
question which arises is - can this theory be used to predict 
fracture in a crystalline material such as rock which, accord--
ing to Brace5 1 , contains a multitude of randomly oriented 
cracks ln the form of grain boundaries? 
In an attempt to provide an answer to this question, a 
survey of published fracture data on rock and concrete was 
undertaken. A similar, but less extensive, survey vas carried 
out by McClintock and . Walsh 24 9 in order to substantiate their 
modification to the original Griffith's theory. The results 
of their survey are included l.n the present study. 
7 
~~ ' 
A comparl.son of the results of triaxial tests on different 
rock materials necessitates reducing these results to a dimensioq-
less form. This is most conveniently done by expressing all the 
strength results as ratios of the uniaxial compressive strength 
(a ) • c The uniaxial compressive strength is the only value, 
presented by all the authors whose work is included in this 
survey, which can be accepted as a reliable basis for comparison. 
The procedure for reducing the strength results to dimen• 
sionless ratios has the additional advantage that factors of 
influence, such as the geometry, moisture content and rate of 
loading of the specimen are presumably the same in both 
numerator and denominator and are thereby eliminated from the 
dimensionless strength values. 
The materials included in this survey are listed in 
Table III and the results are plotted in Figure 11. These 
experimental results are compared with the original and 
modified Griffith's fracture loci obtained from Figure 7. ~~ 




































































Concr ete (28 day) 
Concrete (90 day} 
Granite Gn e iss 
Barre Gr enite 
Granite (slightly alt ) 
Westerly Granite 
I >Hl.ki Sa ndstone 
Rush Springs Sandstone 
Pennant Sandstone 
Darley Da le Sa.ndstone 
Sandstone 
Oil Creek Sundstone 
Dolomite 
Hhite Dolomite 
Clear ~ 9 rk Dolomite 
Blair Dolo1:1ite 
Bl a i r Dol omite 
iolebtuc k Dolomite 
Chico Li mest one 
Virgini a Li mestone 
J.Jime stone 
Anhydrit e 




Sioux Qu e.rtzite 
Frederick Diabase 
Cheshire Quartzite 
Chert dyke material 
Quartzitic shale (Dry} 
Quartzitic shale (Wet) 
Quartzitic sandstone (dry) 
Quartzitic sandstone (we ~ ~ 
Slate (primary cracks) 
Slate (secondary cracks) 
Dolerite 
Quartzite (ERPM Footwall) 
Quartzite (ERPM Hanging 
wall) 
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91 000 CSIR 
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Uniaxial compressive strength 
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Tri axial f ractu r e d at a fo r r ock m at e r ia l s 
53. 
variety of materials included in this survey, there is a remark-
able agreement between these results and the fracture initiation 
behaviour predicted by the modified Gtiffith theory. On the 
basis of this agreement one may be tempted to conclude that 
this theory is substantially correct. Closer inspection, however, 
reveals an anomaly which suggests that the picture is not as 
simple as one may wish to believe. 
Investigations by Jaeger 216 indicate that the coefficient of 
friction of rock against rock is of the order of o.B. Many of 
the materials included in Figure 11 appear to have coefficients 
of friction considerably in excess of unity. This suggests that 
there must be interlocking of projections on the crack faces and 
that propagation of the crack can only occur when these projections 
have been sheared off. Alternately, because of the interlocking 
of the grains themselves, the crack may be forced to follow a 
complex path. This propagation may require an increase in the 
coefficient of internal friction. 
Consequently, the res u lts presented in Figure 11, although 
most encouraging, suggest that the mechanism of fracture 
propagation requires furth e r investigation. 
54. 
12. BRITTLE FRACTURE PROPAGATION IN COMPRESSION 
In studying the fracture of brittle materials subjected to 
tension, fracture is normally expected in a direction perpen-
dicular to the applied tension, in other words, ~n the plane 
of the critically oriented crack. In the case of a brittle 
material subjected to compressive stress, one might therefore 
expect that fracture propagation will also follow the direction 
of the most critically oriented crack, i.e. one which is inclined 
at 20-30° to the direction of the major principal applied stress. 
-------
Detailed examination of equation (15)28 3 shows that the 
maximum tensile stress on the boundary of an inclined crack does 
not occur at the actual crack tip. Experimental results 
presented by Brace and Bombolakis 50 confirm this finding and 
reveal that fracture prop agation does not follow the direction 
of the initial crack. 
In order to study t h ese effects in greater detail, an 
experimental study on gl a ss plates containing initial cracks was 
carried out by Hoek and Bieniawski 383 and the results are 
summarised below. 
12.1 Fracture propagati on from an open "Griffith crack" 
The edges of 6 inch squar e by a inch thick plates of annealed 
glass were carefully grou nd. Open "Griffith Cracks" were 
machined into these plat e s by means of a Mullard 60 watt ultra-
sonic drill. The length of these cracks was kept constant at 
~ inch and the axis rati o at 25:1. The cracks were oriented at 
their critical angles as determined from equation (19). 
The plates were sub j ected to uniformly distributed edge 
loading in the tension a n d compression loading devices described 
in Appendices II and III to this study. The spec~mens were 
studied photoelastically while under load and the stresses at 
which fracture initiated were noted. A typical isochromatic 
pattern obtained in a pl ate subjected to uniaxial compression ~s 
reproduced in Figure 12. 
The stresses at whi c h fracture initiated are plotted, in 
terms of the major and minor a pplied principal stresses, in 
55 
FIGURE 12 
Isochromatic patt e r n in a glas s plat e containing 
an open "Griffith" crack from w hich fracture has 
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Figure 13 and as Mohr circles in Figure 14. The experimental 
results are compared, in these figures, with the theoretical 
Griffith fracture loci defined by equations (43 ) and (50b). 
From the agreement between the experimental and theoretical 
applied stresses at frac t ure initiati on, one must conclude that 
the original Griffith theory provides an accurate basis for the 
prediction of fracture initiation from an open crack in a plane 
stress field. 
In uniaxial tension, as can be expected, fracture propaga-
tion occurred in a direction perpendicular to the direction of 
applied tension. 
In biaxial compression, the fracture propagation followed 
a consistent pattern. As revealed by careful examination of 
Figure _l2, fracture init i ated at a point on the crack boundary 
near but not at the crack tip and propagated along a curved path. ( 
Fracture propagation ceas ed when the crack path had become 
parallel to the major pr i ncipal applied stress direction, In 
all cases, the applied s t ress was increased to at least three 
times the fracture initi a tion stress and, if the cracks showed 
no tendency to propagate further, the test was discontinued on 
the assumption that frac t ure of the specimen would not occur 
except at much higher st r ess levels. 
The lengths of the s table cracks were found to be related 
to the ratio of the appl i ed principal stresses as illustrated 
in Figure 15. These fi n dings are similar to those previously 
reported by the author 1 9 5 for the propagation of cracks from a 
circular hole in a biaxi a l compressive stress field. 
Under uniaxial comp r essive stress conditions, fracture 
propagation commenced wi t h the sudden appearance of a small crack 
of approximately 0.2 time s the initial crack length. Normally, 
this crack would appear a t only one end of the initial crack but 
* would be followed, withi n a period of a few seconds and at the 
same applied stress leve l , by a mirror image crack at the other 
end of the initial crack . Further propagation .of these cracks 
• In many of these tests on glass, the fracture process was 
observed to be signifi c antly time~dependent but no conclusion 
can be drawn from the p r esent results because of a lack of 
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required an increase in t he applied stress and this applied 
stress is plotted, agains t crack length, in Figure 16. 
In the case of biaxi a l compression, insufficient informa-
t ion i s availabl e to permi t the plotting of graphs similar to 
that shown in Figure 16 . From examination of available records, 
howe v er, it appears that t he length of the initial and final 
cracks do no t diffe r by more than a few percent. This implies 
that, i f the crack can be propagated, the stress required to do 
so woul d be many times gr e ater than the initiation stress and, 
as such, ~s of little practical interest. 
From these results it can be concluded that a single open 
"Griffith crack" cannot account for the failure of a specimen 
unless the ratio of the applied principal stresses is equal to 
or less than zero i.e. in uniaxial compression or when one of the 
principal stresses is tensile. It is also suggested that, when 
failure of the specimen originates from a s i ngle crack, the 
direction of the macroscopic fracture surface will always tend 
t o be parallel to the direction of the major app l ied principal 
stress. 
12.2 Fracture propagation from an in i tially closed 
"Griffith crack" 
Since it appears reasonable to assume that the cracks from which 
the fracture of hard rock initiates are initially closed 4 9, an 
attempt was made to produce closed cracks in glass plates. 
The method used to produce these cracks involved inducing 
a hairline crack of the required length on the surface of the 
glass plate. A hardened roller type glass tool which induces 
this crack as a result of the stress distribution under the con-
tact point has been found preferable to a diamond tool which 
scores the glass surface . The shallow hai rli ne crack is 
propagated through the thickness of the plate by reflected 
tensile stress waves generated by impacting the plate on the 
face opposite to that co ntaining the crack, 
Preliminary tests c a rried out on closed cracks showed that 
t he mechanism of fractur e differs significantly from that of 
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from a closed crack in glas s 1s illustrated 1n the photograph 
reproduced in Figure 17. 
Careful observation of the crack, during loading of the 
specimen, revealed the forma tion of short vertical cracks along 
the length of the initial c r ack. These cracks multiplied with 
increasing applied load unt i l the cracks closest to the initial 
crack tip started to propag a te. At this stage, the formation 
of the short cracks ceased. In most cases, the cracks which 
finally propagated, although nearest to the crack tips, were a 
significant distance away f r om it as illustrated in Figure 17. 
It will also be noted that a ll the cracks lie parallel to the 
direction of the major prin c ipal applied stress. 
In order to determine t he coefficient of friction v and the 
critical crack orientation $ for closed cracks in glass, a 
c 
ser1es of tests was carried out in which plate models containing 
cracks at various orientati ons were loaded in uniaxial com-
pression. The applied stre ss at which fracture initiated is 
plotted for various crack o r ientations in Figure 18. It will 
be noted that the lowest st r ess required to initiate fracture 
occurs at a crack orientation of approximately 27! 0 which, from 
equation (32), coincides with a coefficient of friction v or 0.7. 
From equations (31) and (42) the following equation can be 
derived, relating the applied uniaxial compressive stress o
1
, 




. . . ' . . . . . . . . . (61) 
c s1n 2~ - v(l - cos 2~) 
Substituting J..l = 0.1 into this equation results in the curve 
illustrated in Figu.re . 18 a nd, from the agreement between this 
curve and the experimental results, it can be concluded that the 
estimate of J..l = 0.1 is suf f iciently accurate for practical 
purposes. 
Having established that the critical orientation $ for 
c 
clos e d cracks in glass is 2 7~ 0 , plates containing cracks with 
63 
FIGURE 17 
Fracture ·propagation from a closed 
crack in glass subjected to uniaxial 
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50 
Relationship between applied stress required 
to initiat e fr a cture and orientation of closed 
cracks in glass 
60 
this orientation were te s ted at vari6us .. rati6s of applied 
principal stresses. 
It was immediately obvious in carrying out these tests that 
two distinct phases of f ra cture behaviour can be dis t inguished. 
Firstly, the short cracks illustrated in Figure 17 appear 
at a well defined stress level. These cracks, all of approx i -
mately the same length, i ncrease in number with i ncreasing applied 
stress. 
Secondly, also at a well defined stress le v e l , th e short 
cracks closest to the ti p s of the initial crack started to 
propagate . As in the c a se of the open cracks, t he length to 
which these cracks could be propagated was found to depe nd upon 
the ratio of applied str e ss : : . 
The results of thes e tests are plotted, as the r el a tionship 
between the principal st r esses, in Figure 19 and, as Mohr circles, 
in Figures 20 and 21. These experimental results are compared 
with the original and mod ified Griffith fracture loci~ cal-
culated on the b a sis of t he uniaxial compressive strength cr and, 
c 
in the case of the modif i ed theory, using a coefficient of 
friction ~ of 0.7 
Comparison of the t h eoret i cal and experimental result s in 
Figures 19, 20 and 21 suggests a fracture mechanism which would 
account for the observed behaviour. This fracture mechanism 
is diagrammatically illu s trated in Figure 22. 
Due to irregulariti e s in crack surface, sections of the crack 
are forced into intimate contact and develop a h igh frictional 
shear resistance when th e crack is subjected to compressive 
stress. Between these s ections of high shear resistance, one 
can visualise short open "Griffith cracks" as illustrated in 
Figure 22. Since these cracks do not exert a significant in-
fluence upon each other, as illustrated in Figure 23, it can be 
anticipated that fractur e initiation from these cracks will be 
reasonably accurately de f ined by the original Griffith theory. 
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R elationship bet wee n principal stresses for 
fractur e initiation and propagation from 
closed cracks in glass 
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ORIGINAL GRIFFITH THEORY 
1: 2 = V2 ( ~c + O'O'c ) 
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Mohr diagram for fracture initiation 
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Mo hr d iagram for fractur e propagation 
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PHASE 1: FRACTURE INITIATION 
FROM SHORT OPEN CRACKS 
SEPARATED BY SECTIONS WITH 
HIGH FRICTIONAL SHEAR 
RESISTANCE 
PHASE 2: FRACTURE PROPAGATION 
OF CRACKS NEAREST TIPS OF 
INITIAL CRACK WHEN FRICTIONAL 
SHEAR RESISTANCE OF CRACK 
SURFACES HAS BEEN OVERCOME. 
"CRACK OPENS UNDER 
TENSILE STRESS 
CONDITIONS. 
Fl G UR E 2 2 
Diagram m atic repre se ntation of th e probable 
f ractur e m e chan i sm of a clo se d crack in glass 
6 9 
FI G URE 23 
Fracture behaviour of an "in - line" 
array of cracks in gla ss 
70. 
As the applied st r e s s level is increased, a stage will be 
reached at which the frictional s he ar res istan ce due to contact 
between the crack surfac e s is ove r come. At this stage, fracture 
propagation occurs as a r esult of extension of the existing 
cracks near the tips of t he in it ial crack. Since the stress 
level at whi ch shear mov e ment of the crack surfaces can take 
place lS dependent upon the normal stress 
and the coefficient of f r iction ~, it can 
this stress l evel can be predicted by the 
o ac r oss the crack 
XX 
be anticipated that 
modified Griffith 
theory. Again, comparison of the experimental and theoretical 
results presented in Figures 19 and 21 shows that this is the 
case. 
Figures 19, 20 and 21 show that the fracture stress in 
? ( uniaxial te n sion is appr oximately one half of that anticipated 
~ theoretically from equat i on (42). It is proposed that the 
reason for this discrepancy lies in the fact that equation (29), 
from which equation (42) lS derived, is not sufficiently 
accurate when applied to cracks in whic h the radius of the tip 
approaches zero, i.e. both ~ and n ~ o. 
0 
From the results of these tests, it can be concluded that 
the original and modifie d Griffith's fracture criterion provide a 
good description of frac t ure initiation and the initial propaga-
tion of fracture from cl os ed cracks in glass. As in the case 
of the open cracks, the p resence of a s ingle crack cannot 
03 
account for failure of the specimen if /o
1 
> O. 
12.3 Brittle fracture p r opagation in rock 
Studies on the behavi our of isolated cracks, discussed 1n the 
( 03 
ex~/ ·previous sections, have s hown that, except for /ol < o, 
failure of a specimen can not occur as a result of the presence 
of a single crack. It must therefore be concluded that the 
presence of a favourable array of cracks is an essential pre-
requisite for rock fract u re on a macroscopic scale. 
Figure 24 illustrat e s the crack path in a typical quartzite 
specimen in which fracture was arrested just before the spec1men 
became unstable. It wi l l be noted that this crack has propa-
gated along the grain bou nd aries which, in this case, constitut e 
I <J. ~ I ". I . J- ~L~J tL ~~ ~~ ... ~ 
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Crack path in a quartzit e s p e cim e n 





the favourable crack arr ay which ~s necessary to cause failure 
of the specimen. 
The photograph repr oduced in Figure 25 shows the multitude 
of cracks which have dev e loped ~n a quartzite specimen in 
which fracture was arres t ed by removal of the applied com-
pressive stress just bef ore the specimen became unstable. 
A detailed examinat i on of fracture patterns such as those 
illustrated in Figures 2 4 and 25 and the evidence presented 
earlier in this section has led the author to the belief that 
fracture in hard rock fo l lows the sequence illustrated diagram-
matically in Figure 26. 
Phase 1 Fractur e initiation occurs at microcracks 
within grain boundaries which are oriented at between 20 and 
30 degrees to the direct i on of the major principal applied 
stress. This fracture i nitiation can probably be accurately 
predicted by the original Griffith fracture theory. Experimental 
evidence accumulated fro m tests on quartzite specimens, in which 
fracture was arrested at various percentages of the ultimate 
strength, suggests that f racture initiation from grain boundary 
microcracks occurs at be t ween 70 and 80% of the ultimate com-
pressive strength. 
Phase 2 At appr oximately 85% of the compressive strength 
of quartzite, the fricti o nal shear resistance of the potential 
grain boundary crack is overcome and sliding along this crack 
occurs as predicted by t h e modified Griffith theory. This 
sliding is, however, soon arrested by interlocking of the grains 
of the material. 
If this interlocking ~s severe, as illustrated in Figure 
26, a considerable incre a se in the applied stress is necessary 
before propagation of th i s crack can occur. Consequently, 
similar cracks will form in other suitably oriented grain 
boundaries as illustrated in Figure 25. 
Phase 3 Fracture propagation and fracture of the 
specimen occurs when the interlocking grains fail and allow the 
numerous cracks which have formed to join. Final fracture 
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F IGURE 25 
Dev e lopm e nt o f fracture in compre ss ion 
specimens from w hich t he load w a s rem o v e d 
just b e for e final failur e 
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PHASE 1: FRACTURE INITIATION 
FROM MICROCRACKS IN GRAIN 
BOUNDARIES ACCORDING TO 
ORIGINAL GRIFFITHS THEORY. 
PHASE 2: SLIDING ALONG 
GRAIN BOUNDARY WHEN 
FRICTIONAL SHEAR RESIS-
TANCE IS OVERCOME 
ACCORDING TO MODIFIED 
GRIFFITH THEORY. FRACTURE 
ARRESTED BY INTERLOCKING 
GRAINS. 
PHASE 3: FRACTURE PROPAGATION 
OCCURS WHEN INTERLOCKING 
GRAINS FAIL AND ALLOW SHEAR 
MOVEMENT. INCLINATION OF FINAL 
FRACTURE SURFACE NEED NOT 
COINCIDE WITH CRITICAL CRACK 
ORIENTATION PREDICTED BY 
MODIFIED GRIFFITH THEORY. 
FIGURE 26 
Proposed rock fracture mechanism 
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occurs as a result of shear movement along an array of cracks. J ~. 
Since the interlocking grains fail as a result of complex_}-::£:. 
stress distributions induced by point loading, the final p ~ 
fracture direction need not coincide with the orientation of lb.[ 
the individual grain boundary cracks. Examination of , ~ ~ 
fractured hard rock specimens reveals that the macroscopic 7)~ 
·.S ~ 
fracture surface usually lies at approximately 30° to the "1- '1 
direction of the major principal stress as compared with a ~ J 
critical crack orientation of 22~ 0 predicted by the modified'j ~ 
Griffith theory for a rock with a coefficient of friction ~ ~ 
" of unity. 
The final fracture phase postulated above is markedly 
dependent upon the grain structure of the rock. In igneous 
and metamorphosed sedimentary rocks, in which the grains have 
been tightly packed and well cemented, severe interlocking of 
the grains can occur. This would result in a considerable ·in-
crease in the applied stress required to propagate the grain 
boundary cracks and would manifest itself as an apparently high 
coefficient of internal friction. 
On the other hand, in sedimentary rocks, in which the grains 
are loosely bonded, phase 2 and phase 3 are probably almost 
coincident and the fracture conditions more nearly those 
predicted by the modified Griffith fracture theory. 
~t.. ' 
f 1 · · f F · r~ 11 t h t · f t th Care u exam~nat~on o ~gure shows a , ~n ac • e 
igneous and metamorphosed sedimentary rocks are characterised by 
a coefficient of friction in excess of unity while the sedimentary 
rocks have coefficients of friction of less than 1.00. 
12.4 The afplication of the original and modified 
Griff~th's theories to rock fracture 
On the basis of the evidence presented in the preceeding sections, 
it is suggested that, with certain limitations, the ~riginal and 
modified Griffith's fracture theories offer an adequate basis 
for the solution of practical rock fracture problems. 
The limitations are due to the fact that failure of a 
specimen requires propagation of cracks and this propagation does 
76. 
not necessarily cccur at the same stress level nor follow the 
same direction as the fracture initiation process predicted by the 
theories. However, on a macroscopic scale, fracture propaga-
tion follows the general trends predicted by the original and 
modified Griffith's fracture theories and, consequently, these 
theories constitute an acceptable practical rock mechanics tool. 
\ 
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13. THE STUDY OF THE FRACTURE OF ROCK SPECIMENS 
In studying the fracture of rock specimens in the laboratory, an 
exact knowledge of the state of stress in the specimen is 
essential. This requires careful design of the loading 
apparatus as well as careful preparation of the specimen. 
Before discussing details of the equipment and techniques 
used by the author, the principal features of triaxial test 
=· 
equipment used by other research workers will be considered. 
13.1 Triaxial compression testing of rock specimens 
Most of the apparatus described in publications on triaxial com-
pression testingl7• 52• 57• 166• 174• 189• 202• 203• 270• 277• 
297• 301• 312• 329• 355• has several features in common. The 
most important of these common features are: 
{i) Generally, cylindrical rock specimens are used for 
compression testing. The choice of this specimen 
geometry is governed by the availability of core 
specimens and the ease of specimen preparation. 
The length to diameter ratio of specimens and the 
method of end preparation differ considerably. 
(ii) In most triaxial tests, the specimen is subjected 
to an axial load in a compression testing machine 
and the lateral stress is applied by means of ~ 
fluid under pressure which surrounds the specimen. 
This stress state can be expresses as o1 > o2 = a 3 
where o
1 
is the axial stress in the specimen and 
o2 = cr 3 the lateral hydraulic pressure. The 
specimen must be sleeved in order to prevent ingress 
of the surrounding fluid. 
(iii) In most cases, the specimen is subjected to a fixed 
lateral pressure and the axial stress is increased 
until failure of the specimen occurs. 
Most of the common features described above have been chosen 
as a result of sound practical reasoning and, with the exception 
of inevitable differences created by the details of a particular 
design, there does not appear to be any valid reason for departing 
78. 
from common practice. 
13.2 Stress distribution in a compression specimen 
Theoretical studies of the stress distribution in cylindrical com-
pression specimensl29t 90• lSt 16• 293• show that the stress 
distribution can deviate considerably from uniformity, depending 
upon the length to diameter ratio of the specimen, the coefficient 
of friction between the platte.ns .. and the ends of the specimen and 
the Poisson's ratio of the specimen material. 
The solution of Balla's equationslS• 16• for various typical 
* cases reveals that the main factor which induces a non-uniform 
stress distribution in the specimen is the frictional restraint 
imposed upon the specimen ends. When the specimen is compressed 
between semi-infinite rigid plattens, the specimen assumes a 
barrel shape due to the shear stresses between its ends and the 
** plat tens ' 
Under the worst conditions - assuming a coefficient of 
friction of unity between the specimen and the semi-infinite rigid 
plattens - the length to diameter ratio of the specimen should be 
at least 2:1 in order that the stress distribution in the centre 
third of the specimen should be uniform. 
Two possible means for improving the stress distribution 
suggest themselves: 
(a) To reduce the coefficient of friction between the 
specimen and platten and 
(b) To design the platten to deform radially with the 
specimen. 
Both of these steps are aimed at reducing the shear stresses 
betwe.en the specimen and platten. 
The principal objections to reducing the coefficient of 
friction between the specimen and platten by lubrication are the 
* HOEK, E. Unpublished CSIR internal report on the analysis : 
** 
of fracture in a cylindrical compression specimen November 1963 · 
In a private communication to the author (1964) Dr J.R. Hoskins 
of the u.s. Bureau of Mines pointed out certain errors in 
Balla's equations. These errors do not, however, invalidate 
the above argument. 
~) 
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uncertainty of the process and the danger of extrusion of the 
layer of lubricant. This extrusion can induce radial tensile 
stresses in the specimen end which can cause the specimen to split 
along its axis. This danger is particularly pronounced if a 
layer of rubber on plastic is inserted between the specimen and 
platten in an effort to reduce the effects of friction. 
The approach adopted by th~ author was to design the specimen 
platten as a unit in such a way that both deform radially to 
a $imilar extent. In this case the ends of the specimen are un-
lubricated and it is assumed that the coefficient of friction 
between specimen and platten approaches unity. 
The p~incipal features of this design are illustrated in 
Fig~re 27 which shows that the specime~ is the same diameter as 
the steel platten through vhich it is loaded. 'I 
' ,\ / f,c,.J.. ' ' ,-- '¥'') ,,V -
The radial strain in a cylindrical specimen subje~ted to 
triaxial compressive stress can be appro~imated b~the following 
equation 
= 0' 1 { 0' 3 l 0' 3 ]} -,--\11+_ •••••·••·••••• 
E 0 1 °1 
(62) 
A survey of the properties of typical hard rocks, in which 
most gold mining in South Africa is carried out, shows that the 
6 ' 
average Young's Modulus is 12 x 10 lb/sq. in and the average 
Poisson's ratio is 0.15. Substituting these values into equation 
(62) results in the curve plotted in Figure 27. The radial 
strain of the steel plattens is compared with that of the rock 
specimen and it will be noted that, at low principal stress ratios, 
these strains are reasonably similar. Since hard rocks will 
only fail at principal stress ratios smaller than approximately 
0.25 (see section 8.5 of part I), the radial strains in specimen 1 
and platten are sufficiently similar to induce an acceptably L~~· 
uniform stress distribution in the specimen. - ~? r/· 
Figure 25, which shows the fracture pattern in a cylindrical 
specimen from which the load was removed just before complete 
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FIGURE 27 
Radia 1 strain in a hard rock specimen loaded 
through steel plattens of the same diameter 
81. 
l~frac~ure is uniformly distributed throughout the body of the 
spec1men. ~ ~ ~ ~~ ~ "+vt_"fe~ ~ 
In addition to these efforts to improve the stress distribu-
tion in the specimen, a specimen length to diameter ratio of 2:1 
is used. Hence, even in softer materials in which the radial 
strain may differ considerably from that in the plattens, the 
stress distribution in the centre portion of the specimen will 
still be approximately uniform. 
13.3 Triaxial compression testing equipment 
Details of the apparatus designed by the author for the triaxial 
compression testing of rock specimens are given in Appendix IV. r 
\~ ~'2.-t' The principal features of this apparatus are: ,-0 
· {i) The specimen is loaded between steel plattens of the 
same diameter as the specimen. 
{ii) Spherical seats are provided at each end of the 
specimen to minimise eccentricity of loading. 
{iii) The specimen is subjected to axial loading and 
lateral hydraulic pressure so that the stress 
state in the specimen can be experessed as 
= 
(iv) The specimen is sleeved with latex rubber to 
preverit ingress of the hydraulic fluid. 
{v) The ratio of lateral to axial stress in the 
specimen remains constant throughout the load-
ing cycle. 
{vi) Strain gauge lead wires can be brought out through 
the axial loading piston for measurements of the 
elastic moduli. 
Triaxial apparatus is at present available for testing EX 
~.85 inch diameter), BX (1.66 inch diameter) and NX (2.13 inch 
diameter) specimens. The length to diameter ratio of the 
specimens is always 2:1. ~ ~-\l,., __.[\-~...A.o.k? 
13.4 Tensile testing of rock specimens 
In order to obtain a complete fracture diagram for a rock sample 
it is desirable to measure its uniaxial tensile strength. 
82. 
Numerous experimental techniques have been used in attempts 
to obtain reliable values for the tensile strength of brittle 
materials and some of these techniques are discussed briefly 
hereunder. 
The simplest experimental technique involves bonding a rock 
specimen between steel end-pieces and subjecting it to direct 
tension. The extremely unreliable results obtained from this 
type of test are due to the high stress concentrations which occur 
in the adhesive layer and to the difficulty of eliminating eccen-
tricity from the loading. In an attempt to overcome these 
diff~culties, the author has experimented with various end fixings 
and specimen shapes and, while a considerable improvement in the 
consistency of results has been obtained, the problem of bending 
in the specimen has proved almost impossible to overcome when 
* mechanical loading is used • 
Indirect tension tests have been fairly extensively used in 
the study of rock properties. Beam specimens subjected to bend-
ing and hollow cylinders subjected to internal pressureSG have 
been used, particularly in concrete testing. The so-called 
"Bra~ilian" test which involves subjecting a disc specimen to 
diametral compressionl92 is also a convenient and simple method 
for obtaining an estimate of the tensile strength of rock. 
The principal objection to these indirect methods is that the 
tensile stress from which fracture initiates is confined to a small 
portion of the test spec~men. In the case of the beam and hollow 
cylinder, the tensile stress occurs on the specimen surface and, 
depending upon the geometry of the specimen, the stress gradient 
into the body of the specimen can be relatively steep. In the 
case of the disc subjected to diametral compression, true tensile 
fracture is only theoretically possible at the centre of the disc 
03 ** where the principal stress ratio /o 1 = -0.33 • 
Since the influence of stress gradient upon the fracture of 
rock is, at this stage, largely unknown, it is felt that, while 
* It is understood that an American research organisation uses 
air bearings in an effort to eliminate bending from ceramic 
** tensile specimens. 
COLBACK, P.S.B. Unpublished CSIR internal report on the 









these indirect methods may be useful for obtaining estimates and u. 
J for comparative studi~s, they should not be used in an effort to determine the actual uniaxial tensile strength of rock. 
l 
1 The technique used by the author for the determination of the uniaxial tensile strength of rock specimens is an adaptation of l that used by Brace52 for his rock strength tests. This technique 
~ involves subjecting a sleeved "dog-bone" specimen to hydraulic 
pressure in the apparatus illustrated diagrammatically in 
t1 Figure 28. The test section of the specimen is subjected to a 
X .:::::s~~ate of triaxi_~l-s:t-r-e-s;; in which the axial stress (o 3 ) is tensile 
-~ and the r~dial stress (a
1 
= o2 ) is compressive. By vaiying the 
ratio of test section to specimen end diameter, various principal 
J 
03 
stress ratios ( /a1 ) can be induced in the specimen. The prin-
cipal advantage of this technique is that bending of the specimen 
is virtually impossible, provided that the specimen is accurately 
machined. Details of the specimen preparation will be discussed 
in a later section of this study. 
A three-dimensional photoelastic model of the "dog-bone" 
t~nsile specimen illustrated in Figure 28 was used to check the 
~tress distribution in the test section and fillets. It was 
found that, when d 2 = 2d1 , no stress concentration could be 
detected for fillet radii in excess of 4d
1
• 
13.4 Specimen size and selection 
It is well known that the strength of brittle materials is marked-
ly dependent upon the size of the test specimen. Very iittle 
reliable information on this effect is available in literature 
and the discussion which follows is based upon the work of 
Protodiakonov299. 
According to Ptotodiakonov, the relationihip between the 
strength of a rock specimen and the strength of the rOck in situ 
is given by the following relationship: 
OM • b (m - 1) 
as = + oM . . . . . . . ~ . . . . (63} 
d + b 
whe;re OS is the strength of the spec.imen 


















































































































































































d is the diameter of the specimen 
b is a constant which depends upon the spacing 
between fissures or inherent cracks and 
m is a coefficient which indicates how many 
times the strength of the crack free 
material exceeds the strength of the rock 
in situ. 
Since the exact definition of the constant b ~s not clear in 
~~ Protodiakonov's paper (presented in Russian), the author has 
~··!'resumed that b is, in fact, equal to the average spacing between 
f'// ~he discontinuities from which fracture initiates. In the case 
of hard rock, b is approximately equal to the average gr~in 
sizeSl while, in the case of coal, b is probably equal to, the 
,cleat spacing. 
Rewriting equation (63) in dimensionless form: 
m - l 
--· = + 1 • • • • • • • • • • • • • • • • ( 64) 
d/b + 1 
The solution to this equation, for various values of m and 
d/b is presented graphically in Figure 29 in which, for the sake 
of clarity, logarithmic scales have been used. 
tion (64) is that of a hyperbola. 
Note that equa-
From the curves plotted in Figure 29, some interesting con-
clusions can be reached. For a given rock type, for which m and 
b are constant, the strength of the specimen o
1 
approaches the 
strength of the rock mass oM fairly rapidly with increasing 
specimen size. The specimen size, expressed in multiples of the 
crack spacing b, required to give a strength value within 10% of 
that of the rock mass depends upon the magnitude of .the coeffi-
cient m. 
Very few experimental determinations of the size effect in 
rocks, covering a sufficiently wide range of sizes, have been 
reported in literature. Consequently, an accurate estimate of m 
is, at present, difficult to obtain. Protodiakonov gives a method 
fo~ the determination of oM' b and m from strength measurements on 
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FIGURE 29 
Relationship between specimen size and 
strength according to Protodiakonov 
1000 
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estimates of these constants, the specimen sizes should cover as 
wide a range as possible. 
From the limited number of experimental results availablel36, 
2 9 9 it is po~sible to arrive at some very crude estimates for.the 
value of m. 
From these results, it is evident that the value of m depends 
upon the stress state to which the specimen is subjected. The 
frictional effects due to crack closure in compression reduce the 
difference in strength between small and large specimens as com-
pared with the differences obtained under tensile stress condi-
tions. Under tension, the cracks open and give rise to very 
large strength reductions. 
The following estimates of m have been made from available 
data: ~??_ ---'·-·--· 
.....-----
Coal subjected to compression 5 < m < 10 
Coal subjected to tension 10 < m < 50 
Rock subjected to compression 2 < m < 5 
Rock subjected to tension 5 < m < 10 
\vhile these estimates must be treated with extre~~--!:__~~~ion,l! 
they do enable one to arrive at an order of magnitude for the 
specimen size which is acceptable. 
Hence, for coal subjected to compressionr the specimen size 
shouid lie between 10 and 100 times the average cleat spacing. 
Since the cleat spacing may be of the order of 2 inches, the 
specimen size required to provide a reasonable estimate of the in 
situ strength of coal should lie between 20 and 200 inches. 
Because of the large value of m for coal subjected to tension, 
it is probably impractical to attempt to determine a value of the 
in situ tensile strength of coal. In the author's opinion, no/ 1 
serious error would be involved if the tens.ile strength of coalj:J\..:.v·~ .. 
in situ is assumed to be zero. / 
! 
In the case of rock subjected to tension or compression, 
assuming an average value of 5 for m, the specimen size should be 
approximately 20 times the grain size in order that the strength 
of the specimen should be within 10% of the in situ strength •. 
Since, for most of the hard rocks with which this study is 
88. 
primarily concerned, t~e grain size can be measured in fractions 
of an inch, specimens whose dimensions are measured in inches are 
acceptable. 
The preceding discussion has been based on mean strength 
values for any given specimen size. Obviously, in a material 
such as rock, there is an •ppreciable scatter around the mean and 
it is necessary to consider the distribution of strength results 
within any given sample. 
As in the case of the size effect, very little experimental 
evidence with permits accurate evaluation of the strength 
distribution is available. 
Protodiakonov299 has analysed the results of compressive 
tests on Deep Dufferin coal obtained by Evans and Pomeroyll8 and 
has found that the distribution of strength results is ad•quately 
defined by a norm~l Gaussian distribution. Wiid, who has carried 
* out tests on a South African sandstone , has found that the 
strength results within a given sample have a slightly skew dis-
tribution; there being a predominance of weaker results. 
The author feels that a skew distribution is a more ~ealisti~ 
reflection of in situ conditions since, in the laboratory, those 
specimens with very low strength do not survive the specimen 
preparation process and are therefore excluded from the sample. 
Consequently, when normal specimen sampling, based on the survival 
and appearance of specimens,· is practised, it must be realised 
that the mean in situ strength is probably lower than the mean 
strength obtained in the laboratory. 
If it is assumed that the cracks from which fracture initiate~ 
are randomly distributed throughout the specimen, it can be antici-
pated that the variation in strength will deerease with increasing 
specimen size. 
13.5 Specimen preparation 
Reliable results can only be obtained from laboratory strength 
tests•on rock specimens if sufficient care is exercised in the 
pre~~ration of these specimens. Experience .has shown that poor 
* WilD, B.L. Unpublished CSIR internal report on the influence 
of moisture on the strength of rock. 
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specimen preparation can cause a large ~mount of scatter in 
strength results. 
Since the specimens used by the CSIR are all cut from diamond 
drilled core, the first important step in specimen preparation is 
the drilling process. It has been found that very light drilling 
machines, driven by approximately 3 horsepower motors and hand fed, 
are not suitable for the drilling of core from which test specimens 
are to be cut. The structure of these light machines is gen-
erally to flimsy to prevent vibration of the core barrel during 
drilling and the core obtained with these machines is neither 
straight nor of a uniform diameter. 
of the cylindrical surfaces. 
Such core requires grinding 
The drilling machine used by the Rock Mechanics Division of 
the National Mechanical Research Institute is a heayy duty hydrau-
lic feed machine, illustrated in Figure 30. In this machine, 
the drill chuck is driven by a ten horsepower motor through a 
five speed gear-box. The feed rate and thrust are independently 
adjustable a~d can be maintained at a constant level. Hence, for 
a given rock type the optimum drilling speed, feed rate and thrust 
can be determined experimentally and maintained throughout the 
drilling programme. 
The frame of the machine, which is designed for drilling deep 
holes for prospecting, is very rigid and the core recovered with 
this machine is extremely straight and parallel. This core 
requires no further grinding of its cylindrical surfaces. 
With the exception of coal and rocks which disintegrate when 
wet, all drilling is carried out wet. Water under pressure is 
fed into the core barrel, through a water swivel, and provides 
cooling of the cutting edge as well as removal of the pulverised 
material. 
In the case of rocks which cannot be drilled wet, compressed 
a1r is fed through ~he barrel and provides cooling and dust 
removal. A vacuum system attached to a collar which surrounds 
the core barrel is used to coil.-lect the dust forced out by the com-
pressed air. 
Compression test specimens are cut frOm the core by means of 
90 
FIGURE 30 
Hydraulic f e ed drilling machine used 
for specimen preparation 
9 1 
FIGURE 31 
Grind i ng machine used for specimen end preparation 
92 
FIGURE 32 
Apparatus for preparation of tensile specimens 
93. 
a diamond saw and the ends are then ground in the machine illus-
strated in Figure 31. In this machine, the core is held in an 
accurately aligned Vee block which is moved across the face of a 
diamond impregnated cup wheel. 
Tension test specimens are ground from core specimens in the 
* lathe illustrated in Figure 32 • A diamond impregnated wheels 
driven by a tool-post grinder is used to grind the specimen 
profile. This profile is generated by means of a template along 
which the tool-post is driven by the lead-screw. 
13.6 Conclusions on the strength testing of rock specimens 
The Mohr fracture envelope for a typical South African quartzite 
is illustrated in Figure 33. The results included in this 
diagram were obtained with the apparatus and using the techniques 
discussed above. These results can be regarded as typical of 
the results which have been obtained in the large number of tests 
carried out by the Rock Mechanics Division during the past three 
years. 
The sc,tte~ of the results plotted in Figure 33 is encour-
agingly small but it must be remembered that these specimens have 
survived the preparation process and cannot be regarded as a 
random sample. In addition. these specimens were cut from 
standard EX core (0.85 inch diameter) and their strength must be 
considered in relation to the size-strength relationship given in 
Figure 29. 
Ideally, all strength testing is aimed at establishing the 
strength of rock in situ in order to provide a rational basis for 
the design of mine excavations. With this aim in view, it is 
interesting to consider to what extent the results presented in 
Figure 33 can be accepted as representative of the strength of the 
quartzite in situ. 
On the basis of the discussion presented earlier in this 
section and using a fair amount of imagination, the hypothetical 
fracture diagrams presented in Figures 34 and 35 have been con-
* The equipment for grinding the ends of compression specimens and 
the profile of the tension specimens was designed by Mr J.B. 
Kennard, Principal Technician in the Rock Mechanics Division of 
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FIGURE 35 
Hypothetical distribution of strength values 
for a typical hard rock sample 
97· 
structed. These diagrams purport to show how the properties of 
rock obtained from tests on a normal laboratory specimen are 
related to the overall fracture behaviour of the material. 
Figure 34 illustrates the influence of specimen size upon 
the Mohr fracture diagram of a hard rock such as quartzite. The 
values presented in this figure have been estimated from 
Protodiakonov's relationship given in Figure 29. It has been 
assumed that tests on a 1 inch diameter specimen given a mean 
uniaxial tensile strength of approximately 4 000 lb/sq. in and a 
mean uniaxial compressive strength of approximately 30 000 lb/sq. 
J. n. 
From the earlier discussion, it can be anticipated that the 
uniaxial tensile strength is more size dependent than the uniaxial 
compressive strength. Hence the uniaxial tensile strength rises 
sharply as the specimen size decreases. Protodiakonov299 has 
assumed that, if it were possible to test tensile specimens which 
were so small that no cracks or flaws could be contained within 
the specimen, the uniaxial tensile and compressive strengths 
would be equal. Under these conditions failure would occur as a 
result of plastic flow within the crystal. Since there is no 
experimental evidence to support or contradict this postulate, it 
must remain unchallenged but it can be stated that failure in this 
realm of specimen size is of little practical interest to the 
engineer. 
Protodiakonov's postulate does, however, have one important 
bearing upon the present problem in that it implies that the slope 
of the Mohr envelope must change with specimen size. Obviously 
this must be true in the region where one of the principal stresses 
is tensile. However, in the author's opinion, once the specimen 
is large enough to contain a number of randomly oriented grain 
boundary cracks, the slope of the Mohr envelope, in the compressive 
stress region of the diagram, will remain constant. 
In Figure 35, the distribution of strength values for a given 
specimen size is illustrated. It is assumed that approximately 
150 results are available for uniaxial tensile and compressive 
tests and that the scatter is due only to the distribution of 
inherent flaws in the specimens, i.e. the test conditions are 
98. 
assumed to be perfect • 
. The solid lines in Figure 35 indicate the results of tests on 
normal laboratory specimens while the dotted lines illustrate the 
results which would probably be obtained from a true random 
sample of specimens. The difference is due to the fact that 
weaker specimens do not survive the p~eparation process and are 
therefore excluded from the laboratory sample. 
While the reader will readily appreciate the present lack of 
adequate information for the complete evaluation of the fracture 
properties of a particular rock, it will also be obvious that 
laboratory testing procedures afford a realistic first approxima-
tion of these properties. Until more data becomes available, 
particularly from reliable large scale tests, small scale tests 
in the laboratory must remain the primary source of practical 
rock fracture data. 
In the case of hard rock, this laboratory data is considered 
sufficiently accurate to permit its use in the design of mine 
excavations. However, in the case of materials such aa coal, 
laboratory testing of small specimens can only be used with con-
fidence if a few reliable large scale measurements are available 
and can be used as a basis for extrapolating the laboratory 
results. 
99. 
14. INFLVENCE OF ADDITIONAL FACTORS UPON ROCK FRACTURE 
In the preceding sections of this study it has been assumed that 
the element of rock under consideration contains a large number of 
randomly oriented cracks. These cracks are assumed to be ini-
tially closed and the factors which influence their behaviotir, 
namely the cohesive strength and the coefficient of internal 
friction, are ass~med to be constants. 
Before going on to discuss the practical application of the 
original and modified Griffithts theories~ it is necess~ry to con-
sider vhether the above assumptions are justified arid to what 
extent any deviation from the assumed behaviour can be explained 
theoretically. 
The influence of the following additional factors upon rock 
fracture will be considered in this section: 
1. Anisotropy 
2. Cracks which are initially open 
3. Pore pressure 
4. Environment and 
5. Rate of loading. 
14.1 The influence of anisotropy upon rock fracture 
The successful application of the original and modified Griffith's 
criterion to the prediction of rock fracture depends upon the 
fact that most rocks contain a large number of randomly oriented 
cracks from which fracture can initiate. Strength tests on 
materials such as qu·artzite have not revealed any significant 
anisotropy. 
On the other hand, materials such as slate exhibit a very 
marked anisotropy and the assumption that the inherent cracks are 
randomly oriented is not valid~ 
In a recent paper 1 93, the author assumed that slate contains 
* two distinct crack systems : 
* During a visit to America, just before the presentation of this 
paper, the author found that Professor W.F. Brace and Dr 
J.B. Walsh, working at the Massachusetts In.stitute of Technology, 
had adopted an identical approach to that used by the author. 
Their paper359 was written and presented almost simultaneously 
with the author 1 s - neither group being aware of the other'~ 
ef.fort s. 
100. 
(a) Large cracks which are preferentially oriented 
along bedding· planes and 
(b) A randomly oriented matrix of grain boundary cracks 
which are probably several times smaller than the 
bedding plane cracks. 
The bedding plane ·cracks are referred to as primary cracks 
and the grain boundary cracks are termed secondary cracks. 
In deciding upon the stress required to initiate fracture in 
a particular specimen of slate, it is necessary to consider the 
orientation of the primary cracks and to determine whether the 
tensile stresses induced at the tips of these primary cracks 
are higher than those which occur at the tips of the most 
favourably-oriented secondary cracks. 
14.1.1 Fracture initiation from open primary cracks 
Consider an isolated open primary crack oriented at an 
angle-~ to the direction of the major principal applied 
stress o1 • Assuming that fracture initiates according to 
the original Griffith theory, the stress conditions for 
fracture initiation can be deduced from equations (18 b) 
and (23): 
2otp = t o1~(l+k)- (1-k)cos 2.;1- o1 } t{(l+k2)- (1-k2 )cos 2.;J' 
• • • • • • • • .• ( 6 5) 
where otp is the lowest uniaxial tensile strength of a 
specimen.containing an open primary crack, i.e~ the tensile 
strength measured on a specimen containing a crack oriented 
at tJ! = 0. 
Since the uniaxial tensile strength is difficult to 
determine experimentally, equation (65) can be written in 
terms of the lowest uniaxial compressive strength o which cp 
is determined on a specimen containing a primary crack 
inclined at 30° to the direction of o1 (from equation (19)). 
According to the original Griffith's theory, the 
uniaxial tensile and compressive strengths are related 
by the following equation (from equation ( 41)): ~..,0, t~ Z 9 . 
= 
101. 
- 8o tp ················~ (66) 
Substituting into equation (65): 
l 
-_.,'t'""•' ... 
)8{(:.l+k2 )-(l~k2 )cos 2~ - 2 {(l+id-(1-k)co's 2ljl) 
' ( 67) ., • • • • 
The solution to equat·ion ( 67), for various v&lU:es· of k Mld 
ljl, is presented graphically in Figure 36. 
14.1.2 Fracture initiation f'rom init;ially 
closed J?rimary crack.s 
If the primary cracks are initially closed and if fracture 
initiates according to the modified Griffith's theory, the 
conditions for fracture initiation can be deduced f~om 
equations (23) and (31): 
= l { 2 01 (1-k) sin 2ljl - lll(l+k) - (l.:.k) cos 2t~~}} ••• (68) 
Expr~ssing equation (68) in terms of the 16west u~iaxial 
compressive strength, determined on a specimen inclined at 
arctan 1 /ll to the dire6tiori of the major principal applied 
stress o1 (from equation (42)): 
2' 
J.l - ll /1 + 
----..:...--~~~----· --- • • .. ( 69) 
(1-k) sin 2lji - J.l [ (l+k) - (1-k) cos 2ljl] 
Note that equations (68) and (69) are only applicable when 
the normal stress across the crack (o . ) is compressive. 
XX 
The limits of validity and the transition between the 
original and modified Griffith theories have been fully 
discussed in section 8 of part I of this study and only 
the most important aspects of these limits need be con-
sidered here. 
Sine~ it is considered likely t~at the coefficient of 
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FIGURE 36 
Fracture initiation from a single open 
Griffith crack inclined at an angle '/t 




friction on closed primary cracks would be less than unity, 
the most important limit of validity is that defined by 
equation (38) of section 8.3 
-1 
k = • • • • • • • • • • • • ( 38) 
2J 1 + ~ 2 + 2~ + 1 
This equation defines the value of k at which the 
transition from the original to the modified Griffith's 
theory occurs in a material in which ~ < 1.00. 
For values of k which are larger than that defined by 
equation (38), equations (68) and (69) are applicable to the 
prediction ot fracture initiation. 
For values of k smaller than that defined by equation 
{38), the original Griffith's theory must be used to predict 
fracture initiation. 
Equation (65) def~nes the stress conditions for fracture 
initiation~ according to the original Griffith's theory, 
in terms of the uniaxial tensile strength otp" However, 
equation (67), which predicts fracture initiation from an 
open crack in terms of the lowest uniaxial compressive 
strength o , is not valid for cracks which are initially cp 
closed and which open when oxx < o. 
The relationship between the lowest uniaxial compressive 
and tensile strengths for a rock containing initially olosed 
cracks is defined by equation (42): 
0 cp = 2' 
•••••. ·• • • • • • • • • • • ( 42) 
lJ - lJ 
Substituting this relationship into equation (65): 
= 
Jl + ~2- lJ 
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FIGURE 37 
Fracture initiation from an initially closed Griffith's 
crack with a coefficient of friction Jl-::: 0, 5 and in-
clined at an angle'/' to the direction of the major 




Figure 37 illustrates the relationship between the 
stress required to initiate fracture and the inclination 
~ of an initially closed primary crack wh~ch has a coeffi-
cient of internal friction ~ = 0.5. In this figure, the 
curves fork < - 0.236, the limit of validity for ~ = 0.5 
from equation (38), have been calculated from equation (69) 
while, for k < ~ 0.236, the curves have been calculated 
from equation (70). 
14.1.3 Fracture initiation from secondary cracks 
In this analysis, it has been assumed that the secondary 
crack system in slate consists of a randomly oriented 
matrix of grain boundary cracks. Fracture initiation from 
these cracks can be predicted by either the original or the 
modified Griffith's theory, depending upon whether the 
cracks are open or closed, and these crack systems will not 
exhibit any directional effects, i.e. fracture is assumed 
to initiate from critically oriented cracks within the 
random matrix. 
Fracture initiation from secondary cracks will occur 
when the tensile stresses at the tips of the critically 
oriented cracks exceed the tensile stresses at the tips of 
the longer preferentially oriented primary cracks. The 
stress level at which this transition occurs depends upon 
the relative lengths of the secondary and primary cracks 
and must be determined experimentally. 
From equations (67) and (69), it can' be deduced that 
compressive fracture initiation cannot occur from primary 
cracks 'which are inclined at ~ = 0° or ~ = 90°. Hence 
the stresses required to initiate fracture from the 
secondary cracks can be determined from compressive tests 
on specimens parallel to or normal to the bedding planes. 
14.1.4 Experimental study of the fracture of slate 
The results of triaxial compression and tension tests 
carried out on EX specimens of slate, obtained from a 
quarry near Pretoria, are listed in Table III. 
In order to determine whether the primary and secondary 
106. 
TABLE III 
FRACTURE DATA FOR A SOUTH AFRICAN SLATE 
UNIAXIAL TENSILE TESTS. 
(a) Tensile strength perpendicular to bedding 
planes (111 = oo), C1 = tp 660 and 570 lb/sq. in 
average 615 lb/sq. in 
(b) Tensile strength parallel to bedding planes 
( 111 == 90°) ots = 2780 ~nd 3000 lb/sq. in 
average 2880 lb/sq. in. 
TRIAXIAL COMPRESSION TESTS 
C1 3
'ol = k k = 0 (uniaxial) k = 0.113 k = 0.171 
111 (11 lb/sq. in (11 lb/sq. in o·l lb/sq. in 
...... 
0 17 600 39 200 55 700 
21 600 36 000 49 300 
15 6 900 18 300 34 200 
8 700 30 000 39 000 
30 4 500 7 300 8 730 
4 150 - 7 840 
45 5 540 13 900 15 000 
6 560 11 000 16 300 
60 11 850 24 600 29 600 
11 600 19 400 32 4oo 
75 16 000 31 200 41 400 
16 6oo 31 900 42 900 
90 15 6oo 30 6oo 41 700 
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FIGURE 38 
Mohr fracture diagram for primary 
crack system of slate 
MODIFIED GRIFFITH'S / 
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Mohr fracture diagram for secondary 




craqks of this sample of slate are initially open or 
closed, some of the results listed in Table III are 
plott~d as Mohr circles in Figures 38 and 39. 
from 
Data for the primary crack system has been obtained 
the lowest strength values included in Table III, 
i.e. 
• 0 • 
compress~ve strengths for ~ = 30 and the tens~le 
strength for $ = 0°. Data for the secondary crack system 
is obtained from the highest strength values listed in 
0 0 Table III, i.e. compressive strengths for $ = 0 and 90 
. 0 
and tens~le strength for ~ = 90 • 
From Figure 38, it is difficult to decide whether 
fracture initiation from the primary cracks is more 
accurately predicted by the original Griffith's theory or 
by the modified Griffith's theory for l-1 = 0.5. From sub-
sequent analysis, presented in Figure 40, it appears that 
the modified Griffith's theory is the correct choice. 
From Figure 39 it appears that the secondary crack 
behaviour can be adequately predicted by the modified 
Griffith's theory, using l-1 = o.6. 
In Figure 40, the strength values listed in Table III 
are compared with the behaviour predicted by the modified 
Griffith's theory, assuming that both crack systems are 
initially closed and using ~ = 0.5 for the primary cracks 
and l! = 0.6 for the secondary cracks. For the sake of 
clarity, the results for k = 0.113 have been omitted from 
Figure 4o. 
14.1.5 Discussion on the effects of anisotro.py 
/i• 
From the agreement between the measured and predicted in-
fluence of bedding plane orientation, illustrated in 
Figure 40, it can be concluded that the effects of an-
isotropy can be predicted on the basis of the Griffith 
* theory • 
The preceding discussion is based upon the assumption 
Walsh and Brace 3 59 used Donath's results 1 00 to check their 
theoretical predictions and found similar agreement to that 
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FIGURE 40 
Comparison between measured and predicted 
influence of bedding plane orientation 




that only two distinct crack systems are present in an 
anisotropic material such as slate. Obviously, these con-
cepts could be extended to cover the case of two or more 
major crack systems such as those found in coal which 
contains cleats as well as bedding planes. 
An important conclusion which can be drawn from this 
discussion is that it is not correct to conclude that a 
rock is macroscopically isotropic if its compressive 
strength parallel to the bedding planes is the same as 
that normal to the bedding planes. This conclusion can 
only be reached if no strength reduction is detected on 
specimens in which the bedding planes are inclined at 
approximately 30° to the major principal compressive stress 
direction or if the tensile strength is the same for specimens 
parallel to and normal to the bedding planes. 
14.2 The influence of initially o~en cracks 
upon rock fracture 
In part I of this study it was assumed that cracks in rock are 
initially closed and the frictional effects on the crack surfaces 
occur as soon as the normal stress a across the crack becomes 
XX 
compressive. 
While, in the author's opinion, this assumption is probably 
justified for most hard rocks, it is also possible that some 
rocks contain cracks which are initially open and which close at 
a critical value of the normal stress oxx = ocr· 
McClintock and Walsh 24 9 considered this as the most general 
case and the modified theory reviewed in part I of this study is 
a special case obtained from their equations when a = 0. cr 
When crack closure occurs at a = a , the net normal com-xx cr 
pressive stress a which is transmitted across the closed crack 
n 
illustrated in Figure 2 is given by 
a = n a cr 
lll. 
The resulting frictional shear resistance Tn is then 
= Jl ( a XX - a C r ) • 
Substituting this value into equation (29) 
2n (a - Jl (a -a )) xz xx cr 
= . . . . . . . . . . . (71) 
Following the same procedure as that used in the derivation 
of the modified Griffith's fracture criterion for initially closed 
cracks (section 7 of part I), the critical crack orientation for 
cracks which are initially open and which close when axx = a is cr _ 
found to be 
Tan 21ji = c • • • • • • • • • • • • • • • • • • • ( 32) 
This equation is identical to that for the initially closed cracks. 
<· 
The fracture initiation criterion for initially open cracks 






(1-k) - Jl(l+k) + Jl 
• • • • • • • • • • • ( 72) 
Obviously, this equation is only valid for a > a and, xx cr 
for a < a 0 the original Griffith's criterion, equation (24 b) xx cr 
must be used to predict fracture initiation. 
The transition from the original to the modified fracture 
criterion for a material containing initially open cracks can be 
determined by following the procedure set out in section 8 of 
part I. For the purpose of this discussion it is adequate to 
consider this transition in terms of the Mohr fracture envelope~ 













AXIAL STRAIN £1 
FIGURE 41 
Hypothetical axial stress-strain relationship 
















MODIFIED GRIFFITHS THEORY 
t =~ Cd-dcr)-2dt 
ORIGINAL GRIFFITHS THEORY 
2 t = 4 eft <Oc en 
TRANSITION 
r::J =O'er NORMAL STRESS d _ __....,_._ 
FIGURE 42 
Hypothetical Mohr fracture diagram for a 
rock containing initially open cracks 
114. 
~riterion defined by equation (72), is 
t = u (oxx- ocr) - 2ot ••••••••••••• (73). 
The transition from the Mohr envelope defined by equation 
(50), for the original Griffith 1 s theory, to that defined by 
equation (73) occurs at a = a = a • xx cr 
In discussing McClintock and Walsh's modification to 
Griffith's theory, Brace5 2 suggests that a rough measure of the 
critical stress a can be obtained from the axial stress-strain cr 
curve for a rock specimen. The application of this suggestibn 
is illustrated by means of the hypothetical example given in 
Figures 41 and 42. 
A material containing initially open cracks which close when 
a = a will give the type of axial stress-strain curve illus-xx cr 
trated in Figure 41. The slope of the curve will gradually in-
crease as the cracks close and the stiffness of the specimen 
increases. 
An approximate measure of a is given by the stress level at 
cr * 
which the axial stress-strain curve becomes linear • 
The Mohr fracture envelope for a material with initially 
open cracks which close when a = a is illustrated in xx cr 
Figure 42 and it will be noted that, theoretically. a sudden 
change in the slope of the envelope occurs at oxx = 0 • cr 
The above discussion, included primarily for the sake of 
completeness, has been dealt with rather superficially since, in 
the author's experience on the behaviour of hard rocks, stress-
•train behaviour such as that illustrated in Figure 41 is con-
sid~ed the exception rather than the rule. In most hard rocks, 
a is sufficiently close to zero for it to be neglected without cr 
introducing any significant error. 
tt 
Since the cracks close sequentially according to their orienta-
tion, this assumption is obviously an oversimplification. How• 
ever, the detailed analysis of the effects of crack closure 
upon the stress-strain behaviour of rock 1 discussed in recent 
publications by Brace38S and Walsh386, 3tl7, exceeds the scope 
of this study and the above assumption is accepted as suffi-
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FIGURE 43 
Stresses acting upon a crack subjected 






14.3 The in~luence o~ pore pressure upon 
rock ~racture 
In many underground situations, the rock 1s subjected to ~airly 
high ~luid pressure ~rom water which has entered the area through 
~issures and ~aults. I~ su~~icient time has been allowed ~or 
this water to permeate the rock, the internal pressure acting on 
the crack sur~aces within the rock can have a signi~icant in-
* ~luence upon the ~racture behaviour o~ the rock • It is inter-
esting to consider to what extent this in~luence can be predicted 
on the basis o~ the Grif~ith's ~racture theory. 
In discussing the e~~ects o~ pore pressure, McClintock and 
Walsh2 4 9 assumed that the crack is acted upon by the stress 
system illustrated in Figure 43. 
Considering the case o~ an initially closed crack o~ unit 
area subjected to an internal pressure P which ~orces the crack 
open over a central area A
0
• 
The average normal stress cr across the crack is related to 
n 
the normal stress cr and the pressure P by the ~ollowing equation. 
n 
= = . . . . . . . . . . {74). 
Note that, since the crack is assumed to be initially closed~ 
the critical stress cr required to close the crack is zero and cr 
hence cr = cr • 
XX n 
The average ~rictional shear resistance T which must be n 
overcome be~ore sliding of the crack surfaces can occur is given 
by 
* 
Tn = (1- A) T = (1- A )~a •••••••• (75) o n o n 
From equations (74) and (75) 
In this discussion it is assumed that the presence of water 
does not influence the strength o~ rock unless it is under 
pressure. The difference between the strength of wet and 






).l(cr -A P) 
XX 0 
. . . . . . . . . . . . . ( 76) 
Using the same argument as presented in section 7 of part I, 
the net shear stress which is effective in inducing the tensile 
stress at the crack tip is now 
'xz - ).1 (o -A P). XX 0 




2n (T - \.1 (o -A P)) 
XZ XX 0 
• • •. . • • • • • • ( 77) 
2 2 
~0 + T) 
Note that this equation is identical to equation (71) if A0 P is 
substituted for o Hence, by analogy with the argument 
cr 
presented in section 14.2, the fracture initiation criterion for 
an initially closed crack, subjected to an internal pressur~ Pt 
can.be written as 
= 
- 4o t ----------------.............. . 
The correspondi~g Mohr· envelope· is· defined by 
( 78) 
T = \.1 (o- A P)- 2crt •••••••••••••••••••• (79) 
0 . 
Obviously, equations {78) and {79) are only valid when 
crxx > Ao P. 
For smaller values of o , the original Griffith's theory 
XX 
must be used but this theory must be modified to allow for the 
effects of the pressure P. 
When the normal stress o is smaller than the pressure P~ 
XX 
the crack will be forced completely open, i.e. A + 1. Under 
0 
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these conditions, there will be no frictional effects on the 
crack surfaces but the normal stress a acting across the crack 
· XX 
will now become (a - P). 
XX 
Following the same procedure as that outlined in part I, 
the fracture criterion can be expressed in the form of a Mohr 
envelope defined by the following equation 
= • • • • • • • • • • • • ( 80) 
The transition from equation (80) to equation (79) depends 
upon the value of A • 
0 
In the case of porous materials such as 
limestone and sandstone, it can be anticipated that the whole 
crack will be open i.e. A + 1. 
0 
transition will occur at a = P. 
Under these conditions th~ 
The fracture behaviour of the 
material will be governed by the same equations as for the material 
without pore pressure except that the effective stress (o- P) 
must be used instead of the normal stress o. 
A recent survey on. the effects of pore pressure on rock 
* fracture confirms that the concept of an "effective" stress, as 
defined above, is generally accepted as the most reliable basis 
for the predi~tion of the effects of pore pressu~e on the fracture 
of porous rocks. 
In the case of very dense rocks in which the cracks can be 
expected to remain almost completely closed except at very high 
pore pressures. equatioris (78) and (79) show that, under triaxial 
compressive stress conditions, for A + 0 the rock strength will 
0 
be almost independent of pore pressure. 
14.4 The ·effect of environment upon rock fracture 
The fracture theory, reviewed in part I of this study, postulates 
that rock fracture is dependent upon two basic material constants 
the molecular cohesive strength and the coefficient of internal 
friction. In considering whether it is justified to accept these 
NICOLYASEN, 0. The note of fluid pressure in the failure of 
of.rcck an~ other por. ous m~dia. Unpublished renort, Bernard 
PrJ.ce InstJ.tute of CJ..~ophYslC.a.l R~.$ear.ch, July 1965. · 
























NORMAL STRESS d lb /sq. in 
FIGURE 44 
Mohr fracture envelopes showing the effect 
of moisture on the compressive strength of 
quartzitic shale (from Colback and Wiid) 
120. 
parameters as constants, it is necessary to consid~r to what 
( 
extent they may be influenced by the temperature and humidity 
environment of the specimen. 
Available literature contains virtually no information on the 
influence of temperature on the strength of rock. Although it 
can be anticipated that the molecular cohesive strength may be 
temperature sensitive, it is unlikely that the resulting change 
in strength would be significant ~ithin the normal range of 
temperatures encountered in practical rock mechanics problems. 
In the author's opinion, the influence of temperature upon 
the strength of rock would only become significant at very ~ 
1 
~ t~L~~~, when an effect similar to low temperature brittle-
ness in steel may occur, and at very high temperatures when the 
melting point of certain constituents is approached. It must be 
emphasised that these are purely opinions and are not based upon 
any experimental evidence. 
The influence of moisture upon the strength of rock has been 
dealt with in a recent paper by Colback and Wiid83. In contrast 
to previous workers, who have tended to regard the influence of 
moisture as unimportant, these authors found that the moisture 
content of a specimen has a pronounced influence upon its strength. 
The Mohr envelopes for a quartzitic shale, under "wet" and 
"dr~~ conditions, are reproduced, from Colback and Wiid's paper, 
in Figure 44. This particular material was found to have a mean 
. * ** "dry" strength of 30 900 lb/sq. in and a mean "wet" strength 
of 17 100 lb/sq. in. The same ratio of strengths was found in 
the case of a quartzitic sandstone. 
Examination of Figure 44 shows that the Mohr envelopes are 
very nearly parallel and this implies that the coefficient of 
internal friction ~ is not significantly influenced by the 
moisture content of th~ specimen. This in turn suggests that 
the molecular cohesive strength a (from equation (23) of part I) 
0 
is moisture sensitive. 
* 
** 
Dried oven calcium chloride for 120 days 
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FIGURE 45 
The influence of the sur.face tension of 
immersion liquids upon the uniaxial 
compressive strength of quartzitic shale 




According to 'orowan 28 6, the molecular cohesion of a solid is 
related to its surface energy by equation (1) (page 4 of part I): 
= ~' ................ (1) 
Since it is unlikely that the Young's modulus E or the atomic 
plane spacing a would be moisture sensitive, the change in 
strength must be attributed to a change in the surface energy y 
with changing moisture content. 
Strong evidence in support of this conclusion is presented 
in Figure 45 which is reproduced from Colback and Wiid's paper. 
In this figure, the uniaxial compressive strengths of quartzitic 
sandstone specimens are plotted against the surface tension (sur-
face energy) of the liquids in which these specimens were immersed. 
The resulting curve clearly illustrates the reduction in the 
strength of the rock with increasing surface tension of the 
immersion liquid and it can be concluded that this effect is due 
to a reduction in the surface energy of the rock. 
From the results presented by Colback and Wiid it must be 
concluded that the strength of rock can only be adequately defined 
it the moisture content of the specimen or the relative humidity 
ot the environment can be specified. The influence'of moisture 
can only be neglected it tests on "wet" and "dry" specimens show 
no significant strength difference. 
In the case of materials such as coal, the influence of 
* moisture is regarded as so important that the CSIR c~rrentl~ 
conducts triaxial tests on coal in the actual working area in 
order that the specimens need not be removed from their environ-
ment. 
14.5 The influence of rate of loading upon 
rock fracture 
In spite of the fact that most rock mechanics workers acknowledge 
* 
Apart from the well known weathering characteristics 
of coal. 
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that the properties of rock are time-dependent., t~is aspect of 
rock behaviour is probably the lea.s.ji ·l.ln!ierstood .of .all rock 
mechanicB phenomena. 
ThiB ignorance is due primarily to the difficulties of 
accurate measurement at very high rates of loading or, at the 
other extreme~ over long periods of time. ·In addition. ~he 
scatter in .results which can be obtained in .tests e.t various rates 
of loading makes meaningful analysis v~ry diff.icult. 
The quartzitic shale used by Colback and ~iid for their 
studies on moisture content ya~ also use~, by ~he author, for 
time-dependent fracture st~4ies~ A constant ~pad was applied to 
the specimen, under cons.tant t.emperatu,re and humidity conditions, 
and it was found that, .if the load was high enough, the specime~ 
would fail after .some petiod of time had elapsed. How~ver, at a 
given load level, .this time could vary from two minutes to two 
weeks. Obvi~usly, tbe deter•ination of a statistically signifi-
.ca.nt time-dependent s.trength relationship ·£:or such a material 
would require the ~eating of an imposstbly large popula~jon of 
~1 specimens. , 
It is believed that the properties of rock must be st'!ldied 
under three distinct loading rate conditions: 
(a) Under conditions in which the total load is applied 
wit'hin a few milliseconds such as in percussive 
drilling or blasting. 
(b) Under conditions in which the total load is applied 
over a·peri~d of a few ~inutes as in normal laboratory 
testing. 
(c) Uttder conditions in which the .total load is main-
tained for a:long period, perhaps years, as in 
normal mining Jituation~. 
The meager experimental eviden4t,e which is available suggests 
that the strength of hard rock may vary by as much as 20% over 
this range of loading rates. However, since the study of the 
time-dependent behaviour of rock represents a research field in 
itself, the only logical approach which can be adopted at present 
is to.use a standard loading rate in all laboratory testing 
124. 
in the hope that, in time, these results can be correlated with 
the behaviour at different loading rates. 
14.6 Conclusions on the effects of additional factors 
upon rock fracture 
The discussion presented in the preceding pages shows that the 
fracture theory, reviewed in part I of this study, is only appli-
cable to the prediction of rock fracture behaviour if certain 
limitations are specified. 
(a) The rock should be macroscopically isotropic i.e. 
its uniaxial compressive strength should be the 
same for compression specimens drilled at 30° to 
the bedding planes as it is for those normal or 
parallel to the bedding planes. 
(b) The inherent cracks should be initially closed, i.e. 
the axial stress-strain curve should be linear 
from very low stress levels upwards to near the 
stress at fracture. 
{c) If the specimen is in contact with a fluid under 
pressure, the influence of this pore pressure 
should be taken into consideration. 
(d) The temperature and humidity conditions under which 
the tests are carried out should be specified and 
should be as near to in-situ conditions as possible. 
The specimens should be stored under controlled 
conditions for a period which is sufficient to 
allow the moisture content in the specimen to 
become stable (depending upon the porosity of the 
material). 
(e) The rate at which the load is applied to the 
specimen should be constant and should be the same 
for all specimens tested. 
If the material is found to be anisotropic or to have a 
non-linear axial stress-strain curve, the test results can be 
interpreted in terms of the discussion presented in sections 14.1 
and 14.2 of this study. 
125. 
Practical experience has shown that, provided the above 
factors are taken into account in the interpretation of the results 
of laboratory tests on rock properties, the amount of experimental 
scatter normally associated with rock fracture studies can be 
reduced to a minimum. The application of these results to the 
analysis of practical rock fracture problems will be considered ~n 
part III of this study. 
I 
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PART III THE APPLICATION OF GRIFFITH'S THEORY TO THE 
ANALYSIS OF ROCK FRACTURE IN A COMPLEX STRESS FIELD 
The considerations presented in parts I and II of this study 
are concerned with the fracture behaviour of single cracks and of 
small laboratory specimens in which the stress field is assumed to 
be uniform. Unless it can be demonstrated that this work is 
applicable to the analysis of fracture in complex stress fields 
such as those which occur around mining excavations, its value 
will be limited to that of an interesting academic exercise. 
The detailed analysis of the fracture of the material 
surrounding a circular excavation in a plate model, presented in 
the following sections, is an attempt to evaluate the potential and 
the problems involved in applying Griffith's theory to the predic-
tion of rock fracture in a complex stress field. 
15. FRACTURE OF THE MATERIAL AROUND A CIRCULAR HOLE 
15.1 The stress distribution around a circular hole 
The stress distribution around a circular hole was calculated by 
Kirsch 2 2 6 and his equations for the radial, tangential and shear 
stress are listed in Figure 46. From these equations it is clear 
that the maximum uniaxial tensile and compressive stress occur on 
the hole boundary, on the vertical and horizontal diameters (at 
0 9 °) Th . . . 0 = 0 and 0 • e var~atlon of these stresses, for var1ous 
applied stress ratios (Q/P) is illustrated in Figure 47. 
Since the uniaxial tensile strength of hard rock is usually 
approximately one tenth of the uniaxial compressive strength (see 
Figure 11), it can be anticipated that tensile fracture will occur 
in the roof and floor of the circular excavation for applied stress 
ratios of Q/P < 0.25. For Q/P > 0.25, fracture will initiate as 
a result of the uniaxial compressive stress in the sidewalls of 
the excavation. 
15.2 Tensile fracture of the roof and floor of a 
c1rcular excavat~on 
In order to study the initiation and propagation of tensile frac-
ture in the roof and floor of a circular excavation, a photo-
elastic study was carried out in which the cracks were simulated 
127 
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FIGURE 46 
Theoretical stress distribution arourtd a circular 




































PRINCIPAL APPLIED ~ 
(") 
(") STRESS RATIO p 
0 
FIGURE 47 
Boundary stresses on vertical and horizontal 
hole diameters for various ratios of applied 
stress 
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by means of fine saw cuts in Columbia resin (CR 39) models. These 
models were subjected to biaxial compressive loads and the photo-
elastic patterns studied in the 12 inch diameter lens polariscope 
illustrated in Figure 48. 
The propagation of the roof and floor cracks was simulated by 
extending the saw cuts in the models. A detailed study of the 
stresses around the crack tip revealed the following behaviour: ) 
C>i / • ? -
For very short cracks, the tensile stress at the crac~t~;s::s 
several times higher than that which existed on the boundary of the 
hole before the crack was initiated. As the crack length in-
creased, the tensile stress at the crack tip decreased. The rate 
of decrease with increasing crack length was found to depend upon 
the applied stress ratio Q/P. 
At a certain crack length, the stress at the crack tip became 
zero and further extension of the simulated crack resulted in the 
stress at the tip becoming compressive. Assuming that crack 
propagation would cease when the stress at the crack tip becomes 
zero, it was concluded that cracks of a certain length, depending 
upon the applied stress ratio Q/P, would form and would not pro-
pagate further. 
The photoelastic analysis described above suffered from 
several disadvantages; the most serious being the finite radius 
of the simulated crack.tip. Consequently it was decided to use 
models of brittle materials which could be induced to fracture 
under high loads. 
Glass plate models, 5 ·inches square by ~ inch thick con-
taining i inch diameter central circular holes, were loaded in a 
30 ton biaxial loading frame. This frame, loaded by means of two 
hand operated hydraulic jacks, was much less sophisticated than 
the biaxial loading machine described in Appendix III, but was 
found to be adequate for this type of study. 
An isochromatic pattern in a glass plate model, in which 
tensile cracks have been induced, is illustrated in Figure 49. 
This particular photograph was taken at an applied vertical stress 
P of 30 000 lb/sq. in and at an applied stress ratio of Q/P = 0.166. 
The apparent width of the crack is due to reflections from the 
13 0 
FIGURE 48 
Photo e l as tic p olari s c o p e us e d for studi es 
o f fractl.\r e propagation 
1 31 
FIGURE 49 
Ph o to e la s t i c i s ochromatic s in a gla ss 
plat e containing a circular hole from 
whi ch tensi l e cracks have propagat e d 
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" As anticipated from the earlier photoelastic study, the stable 
crack length was found to be related to the applied stress ratio 
Q/P. This relationship, determined experimentally from the glass 
models, is illustrated in Figure 50. 
In order to verify that the same behaviour occurs ~n hard 
rock, models were prepared from fine grained quartzite and loaded 
in the same way as the glass models. 
are included in Figure 50. 
The results of these tests 
From the consistency of the results presented ~n Figure 50 it 
Ut can be concluded that the cracks which form in the roof and floor 
:yi·~ 
~~ of a circular excavation in a biaxial stress field, where 
~·\~ Q /P < 0. 33, will propagate to a length which depends upon the 
.·:, .:··: 
~~ applied stress ratio. These tests showed that, once the crack had 
• ¥ ~ 
~ ~~~-
~~ reached the length indicated in Figure 50, no further propagation 
II·' . ' 
would occur, even if the applied stress level was increased to 
.~ several times the level at which fracture had initiated. 
15.3 Failure initiation from the sidewalls of a 
c~rcular excavat~on 
Practical experience suggests that the most serious type of fracture 
which occurs around mining excavations is that which initiates iii 
the compressive stress zones in the sidewalls. In order to study 
this type of fracture, it was decided to use rock plate models 
which could be loaded to destruction. Th~ details of the plate 
model are given in Figure 51. 
15.3.1 Model material 
The material chosen for these model studies was a highly 
silicious fine-grained granite aplite which occurs in the 
mines of the central Witwatersrand of South Africa and 
which ~s known locally as chert dyke. 
This material was chosen because it is free from major 
geological features such as bedding planes and because 
its behaviour is a close approximation to that of an ideal 
isotropic elastic solid. A typical stress-strain curve 
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FIGURE 50 
Influence of applied stress ratio upon length 










































Rock plate model used to study fracture of 





The triaxial fracture data for chert dyke material is 
~ 
presented, as a Mohr fracture diagram, in Figure 53. The 
strength values used in constructing this Mohr diagram are 
listed in Table IV. In addition to results obtained by the 
CSIR, this fracture data includes the results of tests 
carried out by Professor W.M. Brace of Massachusetts 
Institute of Technology's Department of Geology and 
* Geophysics • 
In fitting the fracture envelope to the Mohr circles 
shown in Figure 53, the theoretical considerations discussed 
in part I of this study were only used as a guide; the actual 
** fitting was done statistically The relationships between 
the major principal stress o1 and the principal stress ratio k 
(Figure 54) and the critical crack orientation ~ and the c 
principal stress ratio k Figure 55) were determined graphically 
from the Mohr fracture envelope. 
Note that the curves presented in Figures 53 to 55, 
representing the behaviour of a real material, bear a striking 
resemblance to the corresponding theoretical curves given iQ 
·, 
Figures 9, 4 and 3. 
,. 
The average properties of the chert dyke material used in 
*** t~is model study are summarised below 
Uniaxial tensile strength ot = 5 000 lb/sq. in 
Uniaxial compressiV,e strength oc = 85 000 lb/sq. in 
Young's modulus E = 12 x 1oe lb/sq. in 
Poisson's ratio v = 0~2 
Approximate coefficient of 
internal friction ~ = 1.08 
Details of the specimens and apparatus used by Professor Brace 
for triaxial testing of rock are given in a recent publica-
tion52. 
PRETORIUS, J.P.G. Unpublished CSIR internal report, 1965;. 
The technique used is to fit a general parabola to the a vs 
o~ plot by the method of least squares and then to trans~orm 
tnis curve into a Mohr envelope. (Cf. reference 18). 
This data is more complete than that used by the author in a 
paper published in 1964 1 9 4 and the study of the fracture of the 
material aroun~ a circular hole presented in the following 
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FIGURE 52 
Stress-strain behaviour of chert dyke 
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FIGURE 54 
Relationship between major principa 1 
stress and principal stress ratio at fracture 
for chert dyke material 








































-o·2 - 0·1 0 0·1 
MINOR PRINCIPAL STRESS _21 = k 
MAJOR PRIN<;:IPAL STRESS 01 
FIGURE 55 
0·2 
Relationship between the critical crack 
orientation and the principal stress ratio 





TRIAXIAL FRACTURE DATA FOR CHERT DYKE MATERIAL 
Major Principal Ivlinor Principal Tested by 
Stress a1 Stress a 3 
lb/sq. in. lb/sq. in. 
0 -5050 CSIR 
330 -3120 CSIR 
460 -4320 CSIR 
28 6oo -1900 MIT 
88 600 0 CSIR 
82 100 0 CSIR 
86 000 0 CSIR • 
Bo Boo 0 CSIR 
B4 000 0 CSIR 
B4 200 0 CSIR 
B7 600 0 MIT 
B9 000 0 MIT 
llB 000 11 300 MIT 
llB 000 11 300 MIT 
'·' 156 700 B 400 CSIR 
169 400 9 100 CSIR 
17B 900 9 500 CSIR 
1B5 000 9 Boo CSIR 
lB6 900 9 100 CSIR 
195 000 10 300 CSIR 
224 000 21 000 MIT 
264 000 35 000 MIT 
333 000 41 600 MIT 
352 000 47 200 MIT 
/ 
,/' 
A theo;-,~t.J-cal ,.<Z()~q.;s}.de'r'ation of the virgi/n stress which can 
occur in~rock which is free from tect6~ic-forces~2 suggests 
,. - { - -
that the horizontal stress may be of the order of one quarter 
of the vertical stress, dependirig upon the Poisson's ratio 
of tq;e material -and the degree of horizontal restraint 
imposed by the surrounding rock. 
Under these applied stress conditions, tensile fracture 
of the roof and floor of excavation-s such as haulages can be 
anticipated. Consequently, in pl~nning this mddel study, it 
was considered necessary to apply stresses which would induce 
this tensile fractute. Practical considerations finally 
lead to the choice of a ratio of later•l to vertical applied 
stress (Q/P in Figure 51) of 0.15. 
Since no facilities were available for the application of 
i\ !: stress or restraint normal to the model surface approximately 
:: 
plane stress conditions existed in the models340. 
In analysing the fracture of the material around the 
circular hole in th-e model, it is necessary to compare this 
fracture behaviour with that which would occur under plane 
strain conditions which are likely to exist-in the rock 
surrounding an underground excavation. 
15.3.3 Fracture under Elane stress and plane 
strain conditions 
Under ·plane stress conditions, the stress normal to the p.late 
surface on is zero and hence the minor principal stress ip the 
model pline a is only algebraically smallest of the th~ee 
q 
principal stresses when it is tensile (negative). Hence 
<1 = 0 n 
an = 0 
= 
= 
<1 > 0; 
q 
<1 < 0·, 
q 
= 
Since fracture is dependent upon the algebraically 
greatest and_ s~.a-~le~;t1 of- th-e -three principal stresses, o1 and 
a
3 
respeo~ively, fracture in a model under plane stress con-
ditions will -occur as a result of the stresses 0 and a in p q 
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the model plane where o < 0. In reg~ons where o > o, q . q 
fracture will occur as a result of the uniaxial compressive 
stress conditions op = o
1
, 
Under plane strain conditions, which can be assumed to 
occur in the material surrounding a long horizontal excavation 
such as a haulage, the strain parallel to the axis of the 
excavation is zero, i.e. £ = o. 
n 
The induced stress normal 
to the model plane o is then dependent upon the principal 
n 
stresses o and o ~n the model plane: 
p q 
0 = n v(o + o ) p q 
Under these cnnditions 
• • • • • • • • • • • • • • • • ( 81) 
a q \) 
0 = when - < • • • • • • • • • ( 82 ) q a 
p 1-v 





a = q o 3 when 
0 
q/o < 0.26 
p 
Figure 54, fracture of this material can only occur 
= k < 0.15 hence, for this particular material under 
plane strain conditions, fracture will not be influenced by 
* the stress o which is parallel to the hole axis • 
n 
15.4 Fracture analysis 
The steps involved in the analysis of fracture in the material 
surrounding a circular excavation were as follows: 
* 
(a) The principal stresses o and o , the principal stress 
0 p q 
ratio q/o and the principal stress directions in 
p 
the material surrounding a circular hole in a plate 
subjected to a vertical applied stress P and a 
The possibility of inducing plane strain conditions in models 
is discussed in Appendix III. 
--../ 
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lateral applied stress Q = 0.15 P were calculated 
by means of the equations presented in Figure 46. 
(J 
(b) From the principal stress ratio q/o distribution 
p 
and the fracture locus presented in Figure 54, the 
magnitude of the major principal stress a = a 
p 1 
required to initiate fracture at any point in the 
* model was determined • 
(c) Division of this value of o
1 
by the stress concentra-
tion factor 
01
/P at that point gave the value of the 
vertical applied stress P which was required to 
initiate fracture at that point in the model. This 
value of P was expressed in multiples of the uniaxial 
compressive strength a of the material. c 
(d) From the principal stress trajectories and the 
critical crack orientations $ , from Figure 55 1 the c 
distribution of critical crack orientations in the 
model was established. 
(e) From the distribution of the vertical applied stress P 
required to initiate fracture and the critical crack 
orientations $ in the model, the most likely fracture 
c 
path in the material surrounding the hole was established. 
(f) This fracture path was cut into a plastic photoelastic 
model by means of a fine saw and the redistribution 
of stress associated with this simulated fracture 
propagation was analysed photoelastically. Separation 
of the principal stresses was carried out by means of 
the conducting paper analogy described in Appendix V. 
{g) Having established the stress distribution and the 
principal stress trajectories for the new excavation 
geometry, the entire fracture analysis as described 
above was repeated. 
The complete analysis of fracture initiation and propagation 
in the rock surrounding a circular hole is presented in Figures 56 
to 61. 
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stress trajectories in the material surrounding 
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CRITICAL CRACK ORIENTATION 
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ZONE FOR PLANE STRESS 
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FIGURE 57 
Fracture contours and critical crack orientations 
in the material surrounding an unfractured hole 
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CRITICAL CRACK ORIENTATION 
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ZONE FOR PLAIN STRAIN 
FIGURE 59 
Fracture contours and critical crack orientations 
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TRAJECTORIES 
Distribution of princl.pal stresses and principal stress 
trajectories in the material surrounding a hole with 
roof and floor cracks and sidewall fracture 
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CONTOURS OF VERTICAL APPLIED 
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PLANE STRAIN CONDITIONS 
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Fracture contours and critical crack orientations 
in tho:! material surrounding a hole with roof and 
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Distribution of principal stresses and principal stress 
trajectories in the material surrounding a hole with 
roof and floor cracks 
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ROCK MODEL 
Cl RCULAR ROLARIZERS 
GENERAL RADIO STROBOTAC 
FIGURE 62 
Arrangement for photography of photoelastic 




15.5 Experimental study of fracture around 
a circ:ular hole 
The chert dyke plate model, illustrated in Figure 51, had one face 
covered with a layer of photoelastic material, bonded onto the 
. * . model face by means of reflectlve cement • The photoelastlc 
pattern induced in the birefringent layer during loading of the 
model was photographed by means of the photographic arrangement 
** illustrated diagrammatically ln Figure 62 • 
An oscillograph camera, fitted with a 50 mm Leica Summicron f2 
lens, was run at a film speed of approximately 5 inches per second. 
A General Radio Strobotac was set to flash at 5 flashes per second 
at maximum flash intensity (2-3 microsecond flash duration). 
Since the camera shutter was kept open and the experiment was 
carried out in a dark~ned room, the film recorded the photoelastic 
. 1/ . . frlnge patterns at 5 second intervals and the flash duratlon was 
sufficiently short to prevent blurring of the image due to movement 
of the film and propagation of the fracture. 
A number of photographs, selected from the film exposed in one 
such experiment, are reproduced in Figure 63, 
These photoelastic patterns were used to give a qualitative 
indication of fracture initiation and propagation in the model, 
This information is compared with the predicted behaviour, illus-
trated in Fig~res 56 to 61 in the following section. 
Ideally, the information contained in the photographs repro-
duced in Figure 63 should ha~e been used for the fracture analysis, 
However, separation of the principal stresses from these maximum 
shear strain contours represents a formidable experimental task 
which was not considered ju~tified for this study. 
15.6 Comparison of predicted and observed fracture in 
the material surrounding a circular hole 
15.6.1 Tensile fracture in the roof and floor 
The theoretical fracture contours presented in Figure 57 show 
--*-------------------------------------------------------~----.'-\-~-.\~,---~-.-~.~~-~~~~--w-~~~~~J( 
Commercially available Budd Photostress type S material, 
** 
l millimeter thick, and Budd reflective epoxy cement was used 
for this study. 
General Radio Handbook of High Speed Photography page 36. 
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Fracture propagatio n in the rock surround·in g 








that fracture of the roof and floor of the excavation should 
h th t . . p/ occur w en e ver ~cal appl~ed stress a = 0.11. 
c In 
the chert dyke model, fracture at 
p 
these points occurred at 
/a = 1.01, i.e. approximately c , 3% lower than predicted. 
From the critical crack orientations shown in Figure 57, 
it can be anticipated that the roof and floor cracks will 
propagate along the vertical axis of symmetry of the model 
and the photoelastic patterns, reproduced in Figure 63, show 
this to be the case. 
Note that, having formed, these roof and floor cracks 
show no tendency to propagate until complete failure of the 
model occurs. The stable crack length (from Figure 63) is 
found to be approximately 0.3 times the aiameter of the hole 
as compared with 0.6 predicted from Figure 50. ~his 
discrepancy is attri buteQ._j;~Q__the reinforcing effect of the 
photoelast ic lay~~. -~---- (_~~~_::,·~-~~ -.fl""'~) ~~-'J o., v·l-~: 
15.6.2 Fracture remote from the boundary of the opening 
One of the most important consequences of the formation of 
the roof and floor cracks is the redistribution of stress 
which occ~rs in the material adjacent to the cracks. 
Pa~ticularly important is the isolated zone of tensile stress 
which is shown in Figure 58. 
Figure 59 shows that fracture initiation in this zone, 
remote from the boundary of the excavation, can be expected 
to occur at P/ac = 0.6. 7 
_ .. --, 1 "~'~' . . ..,.CX' _,.JUI J.r . 
Figure 63 sho~that fracture has initiated one of the --
four points, where fracture can be anticipated, at P/a = 0.30 
c 
and that, at p/a = 0.38, fracture is well developed in c 
two of these regions. 
While the qualitative agreement between the predicted 
and observed fracture initiation in the material remote from 
the hole boundary is remarkable, the early onset of failure 
is difticult to explain. It is believed that this discrep-
ancy is due primarily to the inherent variation in the tensile 
strength of the material. The presence of a longer than 
154. 
average "Griffith crack" within an isolated region of tensil~ 
stre$S can exert a significant influence upon the fracture 
behaviour in that region. 
In contrast to the roof and floor cracks which do not 
propagate beyond their initial stable length, the failure 
remote from the hole boundary propagates with increasing 
stress level. The direction of fracture propagation is 
in good agreement with the critical crack orientations 
shown in Figure 59. 
15.6.3 Fracture of the sidewalls of the circular opening 
The fracture contours presented in Figure 59 show that fracture 
of the sidewalls of the circular opening can be anticipated at 
p 
/oc = 0.42. The photoelastic patterns reproduced in 
Figure 63 reveal that fracture of one sidewall occurred at 
P/o = o.4o while the other sidewall appears to be protected c 
by the cracks remote from the boundary. 
In analysing this fracture, it was assumed that the 
material within a wedge shaped region in the sidewall would 
be completely crushed and would not carry any stress. 
The shape of this wedge shaped region was determined from 
the critical crack orientations in this region (Figure 59) 
and from observations from previous model studies (Figure 64). 
The photoelastic analysis of the stress distribution in 
a model with roof and floor cracks and sidewall fracture gave 
the results illustrated in Figure 60. A feature of these 
results is the further increase in the tensile stress in the 
region remote from the excavation boundary. 
As a result of the sharp point formed by the wedge of 
fractured material in the sidewall, the stress concentration 
in this region rises sharply. The fracture contours plotted 
in Figure 61 show that the vertical applied stress required 
to propagate this fracture . PI 0.2. Since fracture l.S r:J = p c 
in the sidewall initiated at /o = 0.4, the increased c 
str~ss concentration results in an unstable condition in 








F r a c t u r e in t h e r o:o f a n d flo or a n d s i d e w a ll s 
of a circular hole in a rock plate model 
I 
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* increase ~n applied stress • 
In deciding upon the direction in which this fracture 
is liable to propagate the large zone of potential weakness 
(p/oc = 0.3) running parallel to the vertical axis of 
symmetry of the model (Figure 61) must be compared with the 
very high stress gradient along the horizontal axis of 
symmetry. Vertical rather than horizontal fracture propaga-
• 
tion must be favoured because of the greater probability of 
having favourably oriented cracks in the larger volume of 
material. The presence of a fairly high horizontal tensile 
stress in this region (Figure 60) must also favour vertical 
fracture propagation. 
Figure 63 shows that an abrupt change in the direction 
of fracture propagation occurred at p/o = 0.42. As c 
anticipated from the preceding discussion, the direction of 
fracture propagation is vertical rather than horizontal. 
Considerable violence accompanied this final unstable n 
fracture process and the final photograph in the series, taken\·,· 
1 p . 
/5 second after. that at /o = 0.42, shows the model in c 
the process of complete disintegration. 
15.7 Discussion on the fracture of the material 
around a circular hole 
The analysis presented in the preceding sections shows that the 
initiation and propagation of rock fracture in a complex stress 
field can be predicted if sufficient information on the fracture 
mechanism of the rock material and on the stress redistribution 
associated with fracture propagation is available. 
A study of the predicted and observed fracture behaviour in 
the rock surrounding the circular hole reveals that fracture 
initiation and propagation occurs in regions in which the minor 
principal stress is either zero or tensile (o
3 
~ o). Since 
Griffith's fracture theory offers a reliable basis for the 
* The assumption that the material in the failed region is 
incapable of supporting anY stress may be an oversimplification 




prediction of rock fracture under these stress conditions, it 
becomes an important tool in the analysis of rock fracture 
phenomena in complex stress fields. 
A feature of the fracture analysis presented in Figures 56 to 
61 is the significant redistribution of stress which is associated 
with fracture propagation. These changes in the stress distribu~ 
tion are such that prediction of the final fracture pattern from 
the initial stress distribution in the unfractured material is not 
possible. Consequently, an understanding of rock fracture 
phenomena in complex stress fields requires a knowledge of the 
complete stress distribution at each stage in the fracture process. 
Since the fracture mechanism of hard rock is governed by the 
ratio of the principal stresses acting upon the element under con-
sideration, it is necessary to know the distribution of the indi-
vidual principal stresses throughout the rock body. This require-
ment represents a major difficulty in the analysis of rock fracture 
problems since currently available techniques for the determination 
of individual principal stresses are difficult and time consuming. 
The technique adopted by the author in this study suffers 
from the additional disadvantage that the boundary conditions must 
be drastically oversimplified in order to permit the application 
of the conducting paper analogy. Hence any load carrying capacity 
of the fractured material must be neglected and this may result in 
serious errors in the prediction of the final fracture pattern. 
Ideally, the photoelastic patterns illustrated in Figure 63 
could be used for the fracture analysis but, since the rock 
fracture mechanism bears no direct relationship to the maximum 
shear strain distribution in the material, this analysis would 
present formadible experimental difficulties. 
It is evident that the analysis of rock fracture problems in 
mining and civil engineering will only be practical if the 
techniques adopted in this study can be considerably simplified. 
This simplification can only be successfully done if the basic 
mechanism governing rock fracture is adequately understood and it 
is believed that the Griffith's theory, reviewed in part I of 
this study, provides the basis for this understanding. 
159. 
16. CONCLUSIONS _ 
It has been shown that Griffith's theory of brittle fracture, 
modified to account for the effects of crack closure in compres~ 
sion, ~rovides a reliable basis for the prediction of fracture in 
hard rock under static stress conditions. 
Additional factors such as anisotropy, pore pressure and 
environment can exert a significant influence on rock strength 
but, provided that these factors are taken into account in the 
interpretation of rock fracture data, their influence can be 
explained on the basis of the Griffith's theory. 
The Griffith's theory is particularly useful in the analysis 
of rock fracture in a complex stress field since it defines 
fracture behaviour under conditions in which the minor principal 
stress is tensile or zero. The study of fracture initiation and 
propagation in the rock surrounding a circular hole in a biaxial 
stress field has shown that the entire fracture process is 
associated with these stress conditions. 
The redistribution of stress which occurs as a result of 
fracture propagation in a complex stress field has been shown to 
be a problem of major importance in the understanding of rock 
fracture phenomena. It is concluded that the successful analysis 
of practical rock fracture problems will depend upon the develop-
ment of experimental techniques, particularly model studiee, which 
can incorporate the effects of this stress redistribution. 
- --oooOooo---
APPENDIX Al 
COMPLETE DERIVAT I ON OF EQUATIONS GOVERNING 
FRACTURE INITIATION ACCORDING TO THE ORIGINAL 
GRIFFITH 1S THEORIES 
The tangential stress a on the boundary of an elliptical 
n 
crack, due to the application of the stresses axx and Txz shown in 
Figure 1, is given by 
2 ~0 2~0 
axx (Sinh 2~ + e • Cos 2n - 1) + 2T e • Sin 2n 
0 xz 
a = •• ( 15) n 
Cosh 2~ 0 - Cos 2n 






Sinh 2~ = 2~ + + + • • • • • • • 0 0 3! 5! 
2~ 
(2~ )2 (2E; )3 
0 0 
0 
1 + 2~ + + + e = • • • • • • 0 2! 3! 
( 2 ~ ) 2 
0 
( 2~ ) 4 
0 
Cosh 2E; = 1 + + + ........ 
0 2! 4! 




\ i2n + sin 2n = +- + . . . } sinh i 2 n 1 
i i 3! 5! 
A2 
Substitution of the s e expansions into equation (15) and, 
since both ~ 0 and n ar e small at the crack tip, ignoring terms 










Note that the s:~.gn of 
equation (16) depends 
stress a • When a XX XX 
+ T • n) xz 
• • • • • • • • • • • • • • • • • • • ( 16) 
2 
n 
~0 does not change and hence the sign of 
upon the sign of n and of the uormal 
is compressive (positive), the stress at 
the crack tip can only be tensile (negative) when n J.S negative 
and when ~xz" n > axx· ~ 0 • 
Partial differentiation of equation (16) with respect to n 
gives 
ao 2T (~ 2 + n2 ) - 2(o .~ + T .n) 2n n XZ 0 XX 0 XZ 
an 








rx  ·J 0 x/ + 2 'xz 
n = - ~ 0 
'xz 
} 
Substitution of these va l ues of n into equation (16) glves the 
maximum and minimum value s of on' denoted by oN' as 
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Note that, from physical reasoning, this equation can only have two 
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Since it has been po s tulated that fracture occurs as a result 
of the tensile stress at t he crack tip, only the negative solution 
of the above equation nee d be cons i dered. 
2 
-(o - o) 
1 3 
Hence 
= • • • • • • • • • • • • • ( 2 0) 
(] 3 
which ~s only valid for /o 1 > - 0 . 33. 
Fracture under uniaxial t e nsile stress condit ions 
Substitute o1 = 0 in equ ation (18) 
= • • • ( 21) 
Maximum tensile stre s s occurs at the crack tip when the 
bracketted term on the ri ght hand side of equation (21) is a 




= 2 03 • • • • • • • • • • • • • • • • • • ( 22) 
Denoting the uniaxial ten s ile strength of the material by crt~ 
equ a tion (22) can be writ t en as 
(] .~ 
0 0 = 2ot ••••••••••• • •••••• (23) 
03 
Fracture for /o1 < - 0. 3 3 
= -0.33, Cos 2~ = 1 from equation (19). 
this value into equation ( 18) gives 
0 • ~ 
0 0 = . . . . . . . . . . . . . . . . . ( 2 5) 
Substituting 
Since this is identical with equation (22), it can be deduced 
a3 
that fracture to~ /a 1 < - 0.33 occurs when 
a3 at •••••••••••• (26) 
Expressing equatio-n ( 20) in teras of the uniaxial tensile 
strength at fro~ equati~n (23) 
( al - a }2 3 ' 
at • • •••••••••• (24). 
8(a1 + a3) 
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APPENDIX II 
APPARATUS FOR THE APPLICATION OF 
UNIFORMLY DISTRIBUTED TENSILE LOAD 
TO THE EDGES OF PLATE MODELS 
The apparatus for a pplying uniformly distributed uniaxial 
tension to the edges of a 6 inch square plate model is illustrated 
in Figure Al. 
Distribution of the load is achieved by means of a "whipple 
tree" arrangement of pin - jointed segments. The eight small 
segments which transmit t he load onto the model are bonded 
onto the model edge with epoxy resin cement. 
The model is loaded and the stress distribution studied 
photoelasti c ally in the 1 2 inch diameter lens polariscope of 
the National Mechanical Engineering Research Institute, described 
in a 1961 publication by the author 1 9S. 
A 8 
FIGURE A 
Apparatus f o r subjecting plate models 
to uniaxial tension 
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APPENDIX III 
APPARATUS FOR SUBJECTING PLATE MODELS TO 
UNIFORMLY DISTRIBUTED BIAXIAL COMPRESSION 
The appar~tus described in this Appendix was designed primar-
ily for model studies of the type described in Part III of this 
study. However, it has also proved useful in the fundamental 
fracture studies discussed in section 12 of Part II. 
l. DESIGN REQUIREMENTS 
The basic requirements, upon which the design of this apparatus 
was based, are as follows: 
{a) The apparatus is required to apply uniformly 
distributed loads to the edges of 6 inch square x 
A inch thick plate models. 
(b) The load distribution should not change with in-
creasing load, even if the deformation of the edge 
of the model is fairly severe. 
(c) The vertical and horizontal loads should bear a con-
stant ratio to one another throughout the loading 
cycle. 
(d) Since hard rock models are to be loaded to destruc-
tion, the apparatus should be capable of applying 
loads of the order of 100 000 lb. 
(e) Provision must be made for load or restraint to 
be applied to the faces of the model to prevent 
buckling and to induce plane strain conditions. 
2. LOAD DISTRIBUTION MECHANISM 
The load distribution mechanism, which was found to meet most of 
the requirements outlined ~bove, involves the use ~f loading 
elements such as that illu.strated diagrammatically in Figure A2. 
The half inch thick semi-circular segment is attached to the 
outer frame by means of eight copper-beryllium leaf springs. 
These springs keep the segment in place and restrain it from 
0 
FIGURE A 2 
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LOADING SEGMENT 






LOA DING SEGMENT 
Ba.s.i c loading segment used to distribute 
load in the bi-axial loading apparatus 
All 
movement in all except the directions indicated on Figure A2. 
Eight small segments rest on the edge of the model and 
these are loaded through four larger segments. These, in turn 
are loaded through two even larger segments which transmit the 
load from the largest main segment through which the load is 
applied. The complete assembly is illustrated in Figure A3 and 
in the photograph reproduced in Figure A4. 
The individual segments, designed photoelastically, are 
machined from EN 25 steel, hardened and tempered to an ultimate 
strength of approximately 140 000 lb/sq. in. The copper beryl-
lium springs are screwed onto projections on the sides of the 
segments as illustrated in Figure A4. 
A strip of 1 /32 inch thick gasket material and a strip of 
0.005 inch steel shim are placed between the eight small segments 
and the edge of the model. The gasket material compensates for 
small irregularities such as particles of grit which find their 
way between the loading elements and the model edge. The steel 
shim, placed between the gasket material and the model edge, 
prevents extrusion of the gasket material from inducing tensile 
stresses in the plate edge and thereby causing the model to split 
parallel to its faces. 
The frame, which carries the four stacks of loading segments, 
is split diagonally as illustrated in Figure A4. Removal of the 
eight Allen screws, which hold the two halves together, permits the 
model to be rapidly and accurately located in the frame. The 
dimensions of the model are slightly greater than the free distance 
between the opposite sets of loading segments and hence, when the 
frame is reassembled, the model is held in place by the deformed 
copper-beryllium springs. 
Experience has shown that, even if the model is severely 
cracked and deformed~ the loading arrangement described above will 
maintain a uniform distribution of the load on the model. 
3• PROVISION OF RESTRAINT NORMAL TO THE MODEL PLANE 




BIAXIAL LOADING MACHINE 
ASSEMBLY OF INNER FRAME 
FIGURE A 3 
Details of biaxial loading frame 
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SECTION A -A 
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FIGURE A 4 
Partially dismantled biaxial loading 
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MINOR PRINCIPAL STRESS 
IN MODEL PLANE Oq/P 
A 14 
FIGpRE 
PRINCIPAL STRESS RATIO Oq/0 p 
PRINCIPAL STRESS SUM 
(Op + Oq)iP 
A 5 
Principal stress distribution in a plate model 
subjected to a verdcal applied stress P and a 
horizon t a 1 applied stress of 0.15 P 
Al5 
order to 
{a} Prevent buckling of the model. 
(b) Induce approximately plane strain conditions 
in area where both principal stresses in the 
model plane are compressive. 
Since the first requirement is likely to be automatically 
satisfied if the second can be met, only the latter requirement 
need be considered in detail. The problems involved and the 
possible means of solution are best dealt with by means of a 
practical example. 
Consider the case of a plate model, containing a central 
circular hole, subjected to a vertical applied stress P and a 
lateral applied stress 0.15 P. The major and minor principal 
stresses in the model plane are defined as a and a respectively 
p q 
and the principal stress normal to the model plane as a • The 
n 
distributions of the principal stresses in the .model plane, the 
principal stress ratio aq/a and the principal stress sum 
p 
(a + a ) are illustrated ~n Figure A5. p q 
3.1 Fracture under plane stress conditions 
Under plane stress conditions t~e stress normal to the plate sur-
face a is zero. Consequently the minor principal stress in the 
n , 
model plane is only)algebraically smallest of the three principal 
'-... -
stresses when it is tensile. Hence 
-:;::;-. 
for a = o, 
n 
when a < o. 
and when a > 0 
q 
q 
Since, according to the fracture theory postulated in part I 
of this study, fracture occurs as a result of the combination of 
the principal stresses a 1 and a3
, it follows that, when aq > 0 1 
fracture will depend on the normal stress a • This type of n 
fracture cannot be regarded as representative of that which occurs 
around an underground excavation. 
\ 
Al6 
3.2 Fracture under plane strain conditions 





Since the value of Poisson's ratio for most hard rocks is 
small, approximately 0.15, it will be seen from Figure A5 that on 
However, when a < o , the n q 
is not always greater than o • 
a3 q 
principal stress ratio /a
1 
is generally larger than 0.2. From 
section 8.5 in part I it can be deduced that hard rocks will not 
fracture at such high principal stress ratios and hence the fact 
that a < o in certain areas is of little practical importance. n q 
When on > oq' oq = o3 and fracture will occur as a result 
of the stresses in the model plane. 
While this deduction is only strictly true for the particular 
example considered, experience suggests that it will also be 
generally true for most of the models which will be loaded in this 
machine. 
3.3 Application of stress normal to the model plane 
A possible means of achieving the fracture conditions outlined 
above is to apply a stress normal to the model plane. Obviously 
this stress cannot vary_continuously across the model surface and 
hence a uniformly distributed stress has to be chosen to satisfy 
the requirements of section 3.2. 
Suppose that a uniformly distributed normal stress o of 
n 
0.3 P can be applied to the surface of the model considered ear-
lier. From Figure A5 it will be seen that o > o except in 




> 0.2.n q 
On the top and bottom of the hole, 0 = 0 and hence 
0 
p 
0 = 0.3 p = ol. However since 3/o = -0.55/0.3 < .o. 33,, n 1 
the tensile fracture of the roof and floor of the excavation vill 
not be influenced (see section 6.2.4 of Part I). 
I 
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From this discussion it can.be deduced that, provided care is 
exercised in choosing the constant normal stress a which is 
n 
applied to the plate surface, fracture conditions identical to 
those which apply under plane strain can be induced in the model. 
Application of a uniform hydraulic pressure to the model 
surface does not present too many practical difficulties. Some 
form of membrane would be required in order to prevent the 
hydraulic fluid from entering the model material. The design of 
this membrane would present the greatest difficulty since it would 
be required to span the excavation and to remain intact during the 
fracturing of the model. In addition, since it is desirable to 
observe the fracture process in the model, this membrane should be 
transparent. 
3.4 Application of restraint normal to the model plane 
An alternative method for inducing plane strain conditions in the 
model is to provide restraint which will prevent the model from 
becoming thicker. Obviously it would be very difficult to prevent 
the model from becoming thinner but, since this can only occur when 
one of the principal stresses in the model plane is tensile, no 
practical advantage would have been gained if this were achieved. 
In order to prevent the model from becoming thick~r, very 
rigid restraint must be applied normal to the plate surface. It 
may be possible to provide sufficient restraint by clamping the 
model between two thick sheets of armourplate glass, held in steel 
frames and tied together by means of high tensile bolts. In 
designing the frame illustrated in Figure A4, space was left for 
such a restraining device. 
The principal difficulty associated with this type of restraint 
is the friction force which would occur between the glass and 
model surfaces. It may be possible to minimise these by in-
serting thin sheets of low friction material such as polytetra-
* fluroethylene between the glass plates and the model. 
At the time of writing, neither of the methods ~escribed in 
sections 3.3 or 3.4 have been tried in practice. However, it is 
* Commercially available under the trade names "Teflon" or 
"Flu on". 
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felt that the practical difficulties associated with these 
techniques will be overcome in time and that a solution to the 
problem of inducing conditions equ;valent to plane strain in the 
model will be found. 
4, tOAD APPLICATION 
The complete loading frame, in which the load distribution frame 
described in section 2 of this Appendix is loaded, is illustrated 
in Figure A6. 
Two vertical and two horizontal jacks apply the load onto the 
four main segments of the load distribution arrangement. These 
four jacks are held between two 3;4 inch thick steel rings by 
means of high tensile bolts. The entire system is designed to 
operate at a maximum hydraulic pressure of 10 000 lb/sq. in. At 
this pressure the jacks will each exert a maximum thrust of 100 
tons, Since this magnitude of load has not been found necessary 
in the model studies carried out to date, a 5 000 lb/sq. in 
variable volume hydraulic pump is used to generate the hydraulic 
pressure for the jacks. However, should it prove necessary, a 
10 000 lb/sq. in pump is also available. 
Four jacks rather than two have been used in order to eliminate 
any transfer of load from the vertical to the horizontal system or 
vice versa. The design of the jack cylinder and piston is dia-
grammatically illustrated in Figure A7. 
The main cyiinder, the bore of which is ground, is designed 
to withstand a maximum hydraulic pressure of 10 000 lb/sq. in. 
In the case of the horizontal jacks, a secondary cylinder can be 
screwed into the main cylinder as illustrated in Figure A7. A 
range of such secondary cylinders, having different inside diam-
eters and matched pistons, is available. 
When the vertical cylinders are fitted with pistons which 
slide on the walls of the main cylinder and the horizontal jacks 
are fitted with smaller pistons which move in secondary cylinders, 
a constant ratio of vertical to horizontal applied load is achieved 
with a common oil pressure supply. 
The moving seal illustrated in Figure A7 was adapted from a 
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design evolved by the National Engineering Laboratory of the 
Department for Scientifi c and Industrial Research in Britain. 
This seal depends upon a wedge-shaped anti-extrusion ring for its 
high pressure sealing. This ring is made from a soft metal such 
as brass in order that t he ground cylinder walls are not scored. 
Experience has shown that this seal is effective for pressures of 
up to 50 000 lb/sq. in ( the maximum used by the author in triaxial 
testing on rock) and th a t it has very low friction characteristics. 
Measurements have shown that the loss due to friction is generally 
less than 1% of the app l ied hydraulic pressure. 
5. HYDRAULIC CIRCUIT 
The complete hydraulic circuit used in the biaxial loading machine 
described above is illustrated ~n Figure A8. 
The pressure is generated by means of a variable volume 
5 000 lb/sq. in pump which is driven at 900 revolutions per minute. 
by a 3 horsepower moto r . The pump has five pistons driven by 
means of a swash-plate . The volume delivered is controlled by 
changing the swash-plat e angle and hence the pump stroke. The 
flow can be reversed by altering the swash-plate setting and this 
is useful for drawing t he pistons back into the cylinders after 
a test has been complet ed. 
In normal operati on the volume delivery is fixed at a con-
venient value and cont r ol of the pressure is achieved by means of 
a bypass needle valve. It has been found that very accurate 
control of the load is possible if care is taken in the choice of 
the pump delivery. 
The oil pressure is delivered to all four loading jacks as 
illustrated in Figure A8. For uniaxial testing, the horizontal 
jacks can be isolated by means of a high pressure valve. For 
biaxial loading, the s econdary piston and cylinder sets described 
in the previous secti o n are fitted into the horizontal jacks. 
In order to provi de sudden relief of the load when the model 
fails, a diaphragm ac t uated high pressure valve is incorporated in 
the circuit. This d i aphragm valve is kept closed by means of 
compressed air which i s supplied through a solenoid valve. When 












































































































































































































































































































































































switch is actuated and this operates the solenoid valve and 
thereby relieves pressure on the diaphragm valve. 
6. LOAD MEASUREMENT 
In order to measure the load applied to the model, strain gauges 
are attached to the mai n loading segments at the positions in-
dicated in Figure A8. These gauges are connected in a Wheatstone 
bridge and the resistan c e change with load measured by means of a 
digital voltmeter (10 mi crovolt resolution). This measuring 
system has been calibrat ed to give direct load readout in tens 
of pounds. 
7• EXAMPLES OF LOADING ACCURACY 
Probably the most senti t ive test for the loading accuracy in a 
machine of this type is given by the photoelastic pattern around 
a circular hole in a plate subjected to equal vertical and 
horizontal loads. The theoretical isochromatics (maximum shear 
stress .loci) are circles, concentric with the hole in the model. 
The photoelastic isochromatics obtained by subjecting a glass 
plate model, containing a central circular hole, to hydrostatic 
compression are illustrated in Figure A9. 
A further example of the accuracy of load distribution which 
can be achieved with t h is machine is illustrated in Figure AlO. 
This figure shows the p hotoelastic isochromatics induced in a 
glass plate, containing a central square hole, subjected to 
hydrostatic compression . The symmetry of this pattern gives a 
good indication of the loading accuracy. 
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FIGURE A 9 
Photo e las t ic isochromatic s around a 
cir c ular h ol e in a hydrostatic s tr ess 
fi e ld 
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Ph oto e l astic isochromatic;_s around a 
s quar e hol e in a hydros tati c s t ress fie ld 
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APPENDIX IV 
APPARATUS FOR TRIAXIAL COMPRESSION TESTING 
OF ROCK SPECIMENS 
The principal requirements for triaxial compression testing 
of rock specimens were considered in Section 13 of this study. 
This appendix describes the details of the triaxial apparatus 
designed by the author and used in the Rock Mechanics Division of 
the National Mechanical Engineering Research Institute. 
1. PRINCIPLES OF OP.ERATION 
The principal features of the triaxial apparatus are illustrated 
diagrammatically in Figure All. 
The specimen, of diameter D ~ is loaded axially by means of a s 
load piston, diameter D1 • ·The specimen and load piston are loaded 
in series with an oil pressure piston and cylinder, diameter Dp' 
and t~e pressure generated therein is used to apply lateral pressure 
onto the specimen. 
The intermediate and minimum principal stresses (o2 and o 3 ) 








on the specimen 
load is given by 
p 
4L 





upon the load piston by the 
in the specimen is given by the 
its cross-sectional area. 
applied load L less the force 
oil pressure acting on the 
annular area resulting from the difference between the load piston 
diameter D1 and the specimen diameter Ds• 
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FIGURE A 11 
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2. CHOICE OF PRINCIPAL STRESS RATIOS 
From the triaxial test results presented in Figure 11, it is 
evident that fracture of hard rocks will only occur within a 
fairly narrow range of principal stress ratios. It is considered 
unlikely that hard rocks, of the type with which this study is 
03 
primarily concerned, can be induced to f~il at /o
1 
> 0.25 at 
stress levels attainable in this apparatus. 
0' 
In order to cover the range 0 < 3 !o 1 < 0.25, the following 
principal stress ratios have been chosen: 
3. STRESS CONDITIONS IN EX SPECIMENS 
Practical considerations led to the choice of a total load L of 
100 tons. From considerations of the probable strength of hard 
rock specimens under triaxial stress conditions (Figure ll) it was 
decided that specimens should be cut from standard EX diamond 
drilled core (0.85 inches diameter). The load piston diameter n
1 
was chosen as 2.00 inches. w--tJL~ ole~~ Ds ~])I.~ h ~ 
From considerations of commerically available •o• rings, the 
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piston diameters listed in Table Al were chosen to g1ve the pressure 
ratios listed above. Also listed in Table Al are the actual 
principal stress ratios and the maximum stresses induced in the 
specimen at an applied load L of 100 tons. 
TABLE AI 






/20 1 /12 l/9 l/6 l/4 ratio /ol 
Piston dia-
meter D ins. - 5.500 4.250 3.568 3.125 2.750 2.500 p 
Actual 03 
0.027 0.049 0.076 0.112 0.169 0.243 ratio /ol -
0 3 max 
lb/sq - 8 440 14 120 20 000 26 100 33 6oo 40 700 · in. at 
L = 
o1 max 100 351 000 315 000 290 000 263 000 234 000 200 000 168 000 tons 
In practice, the diameter of a specimen produced·by a standard 
diamond core barrell depends upon the hardness of the rock and the 
wear of the drill. Consequently, the actual specimen diameter is 
measured by means of a micrometer and the actual principal stresses 
o 1 and o 3 
are calculated from a set of tables which have been 
prepared for this purpose. 
In addition to the apparatus described above, similar apparatus 
for testing BX (1.66 inch diameter) and NX (2.13 inch diameter) 
core is also available. This equipment is used for testing soft 
rocks and coal and the practical procedure is identical to that 
outlined above. 
4. DESIGN DETAILS 
A detailed drawing of the complete triaxial machine is reproduced 
in Figure Al2. 
The design of the specimen and plattens was discussed in 















































































illustrated in Figure Al2. Note that spherical seats have been 
provided on both plattens in order to minimise eccentricity of 
loading due to slight imperfections in the preparation of the 
specimen. 
The specimen is sleeved in a 0.020 inch thick latex rubber 
sleeve and, in order to prevent deterioration of this sleeve 
during the test, commerical hydraulic brake fluid is used as the 
pressure fluid. 
The different pressure ratios, listed in Table Al, are 
achieved by replacing the pressure piston and cylinder with 
another set of different diameter. 
Two load pistons are available, one fitted with a load cell 
to measure the axial load on the specimen and the other drilled to 
allow 8 strain gauge leads to be brought out from the specimen. 
Both pistons are illustrated in Figure Al2. 
The steel used for the construction of this machine conforms 
to the British Standard specifications of EN 30B steels. The 
pistons and cylinders have been heat treated to give an ultimate 
tensile strength of 120 000 lb/sq. in and, under these conditions. 
the steel retains a reasonable measure of ductility which is 
necessary for the safe design of high pressure units. The 
~r~inders have been designed to withstand stresses 20% higher 
than those listed in Table Al. 
The plattens and spherical seats were machined from a l% 
carbon tool steel and hardened to 60 Rockwell C before grinding 
and lapping. The spherical seats were lapped with diamond paste 
and are numbered so that they are always used in matched pairs. 
5• SEALING ARRANGEMENTS 
The moving seals used on the load and pressure pistons are identi-
cal to those used in the biaxial machine, described in Appendix III. 
The design of the seal between the pressure~cylinder and the 
body of the triaxial apparatus is illustrated in Figure Al3. 
This design was suggested to the author by Professor G.T. van Rooyen 




































































































































The oil pressure cylinder is attached to the test cell pody 
by means of a loosely fitting thread - designed only to provide 
location and initial sealing. A thin impregnated paper gasket is 
placed between the sealing face and the test cell body, 
Once the load is applied and an oil pressure generated in the 
pressure cylinder, this joint becomes self sealing since the area A 
is greater than the area B and hence the sealing pressure on the 
gasket is always greater than the pressure of the oil trying to 
escape. This sealing arrangement has proved completely reliable 
in hundreds of tests carried out with the apparatus. 
LOAD AND PRESSURE MEASUREMENT 
,Because of the very low frictional losses in the pressure and load 
piston sealing devices, the stresses induced in the specimen are 
generally within l% of the stresses calculated on the basis of the 
equations presented in Section l of this appendix. Consequently, 
it is sufficient to measure only the oil pressure or the load on 
the specimen. 
Although Figure Al2 shows that provision has been made for both 
measurements, practical experience has shown that measurement of 
the oil pressure is most convenient. This is achieved by means 
of the pressure capsule illustrated in Figure Al4. Four such 
pressure measuring units are available for maximum pressures of 
2 000, 5 000, 12 500 and 35 000 lb/sq. in. and the choice of the 
range used for a particular test depends upon the estimated 
strength of the material and the sensitivity required. 
7. EXTERNAL LOAD APPLICATION 
Two methods of load application are possible with this apparatus : 
(a) External loading by means of a jack and 
(b) Restraining the pistons f~om moving outwards 
and pumping oil under pressure into the system. 
The second alternative has the advantage of giving a more 
compact overall unit and is being considered for use in the field. 
However, in the laboratory, it is advantageous to apply the load 




























































































































































































more accurately controlled. 
The 100 ton jack and hydraulic circuit used by the Rock 
Mechanics Division is illustrated diagrammatically in Figure Al5. 
Note that the hydraulic circuit is similar to that used for the 
biaxial loading machine. 
8. STRAIN MEASUREMENT 
Measurement of the axial and lateral strains in the specimen will 
be carried out by means of strain gauges. Although no such 
measurements have been carried out at the time of writing, it is 
not anticipated that any major difficulties will be encountered 
since the techniques to be used have already been extensively in-
* vestigated by Brace52 and Milligan o 
9. DATA RECORDING AND PROCESSING 
Since a study of the properties of rock involves a large number 
of tests, the collection and processing of the data must be 
carefully considered. Experience has shown that data recorded 
by means of X-Y recorders requires a large amount of accurate 
and therefore expensive manual processing. When rock properties 
testing is carried out on a simi-routine basis, as is ~he case at 
the CSIR, manual processing of the data becomes impractical and 
uneconomical. 
In order to overcome the difficulties of rock properties 
data processing, the system, illustrated diagrammatically in 
Figure Al7 and described hereunder, was evolved. 





(a) The time in seconds from the commencement of the test ~~ 
{b) The hydraulic pressure P I\-.~ fy _,_ 1 ~ ~_.)\ ~J~LIW'. 
* 
(d) The axial strain in i;he specimen €;-- and ~!.,., 4 · 
MILLIGAN, R.V. The effects of high pressure on foil strain 
gages. Paper No. 803, SESA Spring Meeting, Seattle, 
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FIGURE A 16 
.Block diagram of data collection system 
for triaxial tests on rock specimens 
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(d) The lateral strain in the specimen £ 2 = 
The clock, which generates a voltage directly propo~tional to 
time up to 1 000 seconds, is used to record the rate of loading. 
The strain gauge circuits used to measure pressure, axial 
~ strain and lateral strain are all temperature compensated full 
~ Wheatstone bridge circuits. 
'-..,_ 
\ 
The four items of information are sampled simultaneously and 
the voltages transferred onto high stability mylar film capacitance 
storage units. 
A scanner then transfers these stored signals to the digital 
voltmeter which actuates a solenoid operated electric typewriter 
through a typewritten drive unit, 
The scanning speed can be varied to suit the test conditions, 
its maximum speed being governed by the 16 character per second 
speed of the typewriter. At maximum sampling speed, each 
* channel is sampled every two seconds • 
This sampling speed is adequate for the type of tests currently 
carried out by the Rock Mechanics Division, 
Print out of the data by a typewriter was chosen in prefer-
ence to punched tape because it provides directly interpretable 
information during the test. 
This typed data is then punched onto cards and processed on 
the CSIR's IBM computer. High order polynomials are fitted to 
the axial and lateral stress-strain data by means of a standard 
programme, Once these curves have been mathematically defined 
they can be differentiated to give the tangent modulus at any 
stress level, divided to give the Poisson's ratio at any stress 
level and integrated to give the strain energy. 
Since these processes involved the use of very simple 
programmes, the complete stress-strain data from a test can be 
* The electronic design of the clock, sample unit and scanner was 
carried out by Dr D.H. Naude. Construction of most of the 
equipment was done by Mr A. van Jaarsvelt. Dr Naude and Mr 
Van Jaarsvelt are members of the CSIR's National Institute for 
Mathematical Sciences. 
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evaluated in a few seconds of computer time. 
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APPENDIX V 
CONDUCTING PAPER ANALOGY FOR DETERMINATION OF 
THE PRINCIPAL STRESS SUM DISTRIBUTIOJ. 
Application of the fracture theory discussed. in this study 
re.q'Uires a knowledge of the indj_v_idual principal stresses o1 , o2 
and o
3 
at any point in the material. surrounding an excavation. 
The photoe~astic technique affords an accurate and convenient mea.ns 
for the determination of the princip~l stress difference in anT 
plane in the model 1 97~ Separation of the principal stresses 
requires that the principal stress sum in this plane should also 
be known. The conducting paper analogy has been found particularly 
useful for the determination-of this principa~ stress sum. 
The sum of the principal stresses op and oq in. a. plane in an 
isotropic elastic stressed body which is free from body forces is 
distributed ac·cording to .Laplace's equation: 
+ = 0 
The conducting paper analogy depends upon the fact that the 
voltage distribution i~a uniformly conducting plane is also 
governed by Laplace's equation: 
+ = 0 
Consequently, if voltages are applied to the boundary of a 
uniformly conducting sheet which is cut into the shape of the 
stressed model, 
will correspond 
in the model. 
the voltage at any point in the conducting sheet 
to the sum of the principal stresses at that point-
The values of the applied boundary voltages are 
determined from the boundary fringe orders in the photoelastic 
model. 
A41 
Fi~ure Al7 illustrates the circtiit used for the determination of 
the priticipai stress sum distribution by means of the co:nducting 
paper analogy. 
The model is cut from commercially available, ''reledel.tos' 
c6nducting paper.: In the case of a model which contains .one-: or 
mor·e ax1.s or symmetry, only that port-ion .of ·the model bound.ed by 
this axis or axes·and the loaded boundary-.need be considered. 
Hence, ··in 'the case of a circular hole, .onl·y one quarter of· the 
modei, a• illust~ated in Figure Al7, need be studied. 
The voltage applied to the loaded boundary correspond~~to the 
sum of the applied prin~ipal stresses P an~ Q. The voltages 
applied to the boundary of the excavation correspond tQ the 
tangential stresses on this boundary.,. det.ermined from t.he photo""!. 
elastic isochromatic p~tt~rns. Note that, in order to approximate 
semi-infinite conditions, the hole diameter should be less than. 
on:e-fifth of the side length of the-conducting paper model~_ 
A commercially at~ilable ttan:sistorized strain indicator has 
been found particularly suitable for measuring the voltage at any 
point in the model by a null~balancirig method~ The model and 
potential divid~r are arranged as a four arm Wheatstone bridge. 
Probing the model unbalances the bridge and it is brought back into 
balance by the internal potentiometer of the strain indicator._ 
The strain indicator supplies a 11 volt 1 000 cycla per se~ond 
alternating voltage across terminals A and c. The galvanometer 
measur~~ ~etween terminals B and· D. The 10 kfl potentiometer 
shunts the galvanometer for control of the sensitivity. The 
500 kn resistor in series with the probe prevents excessive 
current flow t~~ough pro~e. Connection between the wires and the 
conduc~ing paper mode~ is made w{th commer~ially available silver 
conducting paint. 
A comparison bet~een the d!stribtitiorts of the principal stress 
Sti~ in the material suriound{n:g an unfractured circular hole, deter-
~i~ed by means of the coridudtin:~ paper atialogy and calculated from 
Kirscih's equationsi showed that a nia~imum error of approximately 
3% 6ould be obtained if suffi~ierit dare was exercised in applying 
the correct bourtd~ry ~6ltages. 
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Circuit for conducting paper analogy 
used for determination of the principal 
stress sum distribution 
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